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iii
Alcorn, John (M.S., Aerospace Engineering Sciences)
Fully-Coupled Dynamical Jitter Modeling of Momentum Exchange Devices

Thesis directed by Prof. Hanspeter Schaub

A primary source of spacecraft jitter is due to mass imbalances within momentum exchange
devices (MEDs) used for fine pointing, such as reaction wheels (RWs) and variable-speed control
moment gyroscopes (VSCMGs). Although these effects are often characterized through experi-
mentation in order to validate pointing stability requirements, it is of interest to include jitter in a
computer simulation of the spacecraft in the early stages of spacecraft development. An estimate of
jitter amplitude may be found by modeling MED imbalance torques as external disturbance forces
and torques on the spacecraft. In this case, MED mass imbalances are lumped into static and
dynamic imbalance parameters, allowing jitter force and torque to be simply proportional to wheel
speed squared. A physically realistic dynamic model may be obtained by defining mass imbalances
in terms of a wheel center of mass location and inertia tensor. The fully-coupled dynamic model
allows for momentum and energy validation of the system. This is often critical when modeling
additional complex dynamical behavior such as flexible dynamics and fuel slosh. Furthermore, it
is necessary to use the fully-coupled model in instances where the relative mass properties of the
spacecraft with respect to the RWs cause the simplified jitter model to be inaccurate. This thesis
presents a generalized approach to MED imbalance modeling of a rigid spacecraft hub with N
RWs or VSCMGs. A discussion is included to convert from manufacturer specifications of RW
imbalances to the parameters introduced within each model. Implementations of the fully-coupled
RW and VSCMG models derived within this thesis are released open-source as part of the Basilisk

astrodynamics software.
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Chapter 1

Introduction

1.1 Background

Momentum exchange devices (MEDs) are a fundamental component of most spacecraft. Used
primarily for attitude reconfiguration and pointing, MEDs trade angular momentum with the body
of a spacecraft using spinning flywheels. MEDs are an attractive device for attitude control since
they do not consume fuel as thrusters do, and are typically capable of achieving significantly greater
pointing precision than other actuators.[I] Examples of important uses for MEDs include pointing
a spacecraft’s solar panels towards the sun, pointing an instrument toward a target, and reorienting
a spacecraft to perform a thrust maneuver.

Reaction wheels (RWs), a very popular device due to their mechanical simplicity and associ-
ated lower cost, consist of a flywheel attached to a motor and bearing. Figure shows examples
of various types reaction wheels. Spacecraft of all purposes and sizes, from CubeSats to Hubble,
use RWs for attitude control. RWs trade angular momentum with a spacecraft solely by changing
the speed of rotation of the flywheel. Other than spinning about a single body-fixed spin axis, the
flywheel is fixed with respect to the spacecraft and does not change orientation. When a torque is
applied using an electric motor, the flywheel experiences angular acceleration. Due to conservation
of angular momentum, the rotational analog of Newton’s third law of motion, the total angu-
lar momentum of the spacecraft and reaction wheel must remain constant. Thus, the spacecraft
counter-rotates and its attitude is changed. Euler’s equation is the fundamental equation govern-

ing-the-meotion-of-a-spacecraft-and the MED system, and relates torque to the time derivative of
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angular momentum. This equation is,
Nd

L= EH (1.1)
where L is torque and H is angular momentum. This equation is the main building block of the
derivations presented within this thesis. Spacecraft typically have three or more reaction wheels
dedicated to attitude control. This enables a full solution to the attitude control problem, since a
single reaction wheel can only rotate the spacecraft about one axis. When three reaction wheels
are used, it is advantageous to position them so that the three flywheel spin axes are mutually
orthogonal. In this case, torquing a reaction wheel does not directly effect the spacecraft’s motion
about the other two axes. Many spacecraft have more than three reaction wheels in order to create
a redundant attitude control solution or achieve larger control torques. This may be achieved by
placing the reaction wheels in a “pyramid” or tetrahedral orientation, in which the reaction wheels
work together to produce a net torque on the spacecraft. Utilizing more than three RWs also
has the added benefit of maintaining a 3D attitude solution in the case that one reaction wheel
fails, which is actually not uncommon.[2] RWs typically require “desaturation” due to momentum
buildup from external sources, such as drag, magnetic torquing, and gravity gradient torquing. An
external torque may increase the speed of the reaction wheel until it reaches its limit, at which point
loss of control and system brownout are of concern. Thus, particular attention must be paid to
controlling wheel speeds. Desaturation may be achieved using thrusters or, in the case of an earth
orbiting spacecraft, magnetic torque rods. In certain cases, spacecraft may also dissipate angular
momentum stored within the reaction wheels by assuming an orientation which allows an external
torque to lower the wheels speeds. In addition to saturation, high wheel speeds are undesirable
because they can cause the spacecraft to become dynamically “stiff” and require relatively large
torques to perform a maneuver due to the presence of gyroscopic torques caused by the spinning
reaction wheels. Numerous missions have employed reaction wheels for attitude control since the

dawn of spaceflight.

Control moment gyroscopes (CMGs) are a popular method to control larger spacecraft. A
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(a) A reaction wheel manufactured by Honey-
well.

(b) A reaction wheel manufactured by Clyde Space showing the sealed casing, rotor,
and motor/supporting electronics.

LS
S

(c) A micro reaction wheel specifically for Cube-
Sats manufactured by Blue Canyon Technolo-
gies.

Figure 1.1: Various types of reaction wheels.
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Figure 1.2: A control moment gyro used on the BETTII mission at NASA Goddard Space Flight
Center.

CMG, like a RW, trades angular momentum with the spacecraft body using a flywheel. However,
instead of changing the rate of rotation of the flywheel like a RW, a CMG changes the direction
of the spin axis of the flywheel and keeps wheel speed near constant. The axis about which the
CMG rotates the flywheel is called the gimbal axis. Thus, a CMG must have dedicated electric
motors for the flywheel and gimbal. CMGs have multiple benefits over reaction wheels. CMGs are
typically more power efficient because they only require a torque on the gimbal axis to actuate.
The wheel motor must simply maintain a constant wheel speed after the initial spin up of the
wheel. Thus, CMGs are particularly good at delivering large torques very quickly. However, a
minimum of three CMGs are required for a full 3D control solution, and a cluster of CMGs can
encounter singularities which prevent torque about certain axes and can lead to loss of control.
Furthermore, some CMGs are limited in the range that they can gimbal. This is usually due to
hard stops on the motor or to prevent cables from becoming twisted (see Figure . CMGs
are much more complex than reaction wheels and typically more expensive. Dual-gimbal control
moment gyros (DGCMGs), CMGs containing two gimbal axes, have been leveraged as an actuator
that can provide any torque vector. However, the additional complexity and cost of such a device
often outweighs the benefits. Prominent examples of CMGs being used in flight include Skylab and
the International Space Station (see Figure [1.3)).

Several futuristic MEDs have been proposed. Of these, variable-speed control moment gyro-
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Figure 1.3: An astronaut handles one of the International Space Station’s 275 kg control moment
gyros.

scopes (VSCMGs) have gathered significant academic interest due to having properties of both RWs
and CMGs. By nature, a CMG and VSCMG are fundamentally the same device. Unlike CMGs,
VSCMGs leverage the additional degree of freedom in the rate of rotation of the flywheel. Clev-
erly devised control strategies allow the VSCMG to maneuver to avoid singularities by combining
wheel speed changes and gimbal rates. “Null-motion” reconfiguration allows a cluster of VSCMGs
to reconfigure without applying a net torque to the spacecraft hub.[3] Dual-gimbal variable-speed
control moment gyroscopes (DGVSCMGs) are an attractive attitude actuator due to their ability
to generate any 3D torque. DGVSCMGs have also been proposed as dual-function devices for both
attitude control and energy storage in place of chemical batteries.[4] This concept is called inte-
grated power/attitude control system (IPACS). Other futuristic MEDs include spherical reaction
wheels[5], which were originally proposed at the dawn of the space era by German engineer Walter
H&aussermann in support of the Apollo program[6] (see Figure . Such devices pose high risk to

space missions due to their additional complexity and are mainly academic.

1.2 Motivation

A problem with using MEDs for attitude control is that they usually cause vibration or
“jitter” due to mass imbalances in the flywheels.[7, [8 [I] Characterization and mitigation of MED

induced jitter on a spacecraft is of interest to many missions due to increasingly rigorous attitude
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Jan, 23, 1962 W. HAEUSSERMANN 3,017,777
SPACE VEHICLE ATTITUDE CONTROL MECHANISM
Filed Oct. 14, 1960 4 Sheets-Sheet 1

RESERVOIR

s

Walter Haeussermann, '
INVENTO;
S. TR *

- D, 4
B A, T Dapoon,
Al £ Afoone,

ATTORNEYS.

Figure 1.4: Diagram from Haussermann’s patent of a spherical reaction wheel. One of the earliest

conceptions of a momentum exchange device.
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Figure 1.5: An example of the jitter smearing effect on imagery taken from space.

stability requirements and the necessity of avoiding excitation of the spacecraft’s structural modes.
Many instruments require the spacecraft to be held extremely still in order to effectively operate
or collect data. Figure illustrates the necessity of this. Optical instruments in particular often
require attitude stability of less than one arcsecond per second in order to avoid optical smear or
similar effects.[9], 10] Additionally, excessive vibration of a spacecraft may be detrimental to its
instruments and operation.

Mass imbalances are inherent within the manufacturing process of flywheels. There are two
primary types of mass imbalance: static imbalance and dynamic imbalance. Figure demon-
strates the difference between these within the context of a wheel. In this figure, g, represents the
spin axis of the wheel and I}, represents a principle axis of inertia of the wheel. Static imbalance is
caused by an offset in the center of mass of the wheel from the spin axis of the wheel. As the wheel
rotates, the static imbalance effectively causes a force orthogonal to the spin axis of the wheel.

Fundamentally, this motion is governed by the equation
F, = mdQ*u (1.2)

where F'; is the force resulting from the imbalanced spinning wheel, 2 is the spin rate of the wheel,
d is the offset of the wheel spin axis from the center of mass, m is the mass of the wheel, and
4 is a unit vector pointing from the spin axis to the center of mass. This equation is essentially
the force resulting from a centripetal acceleration, but it must be noted that when attached to a

spacecraft, this must be treated as an internal force, rather than an external disturbance. Because

—
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Static Imbalance Dynamic Imbalance

~

gs

I,

Figure 1.6: Reaction wheel static and dynamic imbalance.

it will cause an additional disturbance torque. Dynamic imbalance is caused by the spin axis of
the wheel not being a principle axis of inertia, as shown in Figure Spinning a dynamically
imbalanced wheel causes a wobbling effect. The equation governing the motion of a dynamically

imbalanced wheel is

Ly = J0*% (1.3)

where L, is the torque resulting from the imbalance, J is the magnitude of the off-diagonal inertia,
and ¥ is a unit vector pointing in the direction of the mass imbalance. Again, when attached to
a spacecraft, dynamic imbalance acts as an internal torque, and the total angular momentum of
the system must remain constant without an external disturbance present. Note that in Eq.
and Eq. the magnitude of the force/torque is proportional to wheel speed squared, which may
be problematic for MEDs that operate at large wheel speeds. Since it is of interest to spacecraft
manufacturers to reduce mass imbalance as much as possible, MED flywheels are often put through
a “fine balancing” process to minimize the center of mass offset and off-diagonal inertia component.
This process involves identify the location of the imbalances by spinning the wheel and measuring
the phase and amplitude of jitter using load cells.[IT] This process can be time consuming and
expensive, and does not completely remove the imbalance. Various methods of vibration isolation
have been proposed, including magnetic suspension of RWs as a means of circumventing the jitter

problem.[12] 13} [14]
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1.3 Literature Review

MED induced vibration on a spacecraft is usually characterized through experimentation
prior to flight in order to validate requirements. Empirical models of MEDs allow imbalance
parameters to be extracted.[I5, [16] In addition to experimental demonstration of MED perfor-
mance on an integrated spacecraft, it is of interest to use an analytic model of a MED for sim-
ulation in the early stages of spacecraft development. A simplified model of MED jitter involves
including the forces (Eq. (1.2)) and torques (Eq. (1.3)) resulting from MED imbalance as exter-
nal disturbances.[8, 17, I8, 19] This model is well established and is attractive due to its non-
computationally expensive formulation — force and torque of jitter are simply proportional to wheel
speed squared. Furthermore, the simplified formulation allows a model to be constructed directly
from the typical MED manufacturer imbalance specifications: static imbalance and dynamic im-
balance. This allows MED mass imbalances to be implemented as lumped parameters instead of
using specific terms such as MED center of mass location and inertia tensor.[§] Previous literature
puts emphasis on empirical modeling of MED jitter and the effects of MED jitter within context of
spacecraft flexible dynamics.[20], 21} 22] Zhang and Zhang discuss a fully-coupled model of control
moment gyro (CMG) imbalance[23], but present the results without a full derivation and fail to
provide the complete system equations of motion. Furthermore, to the authors’ knowledge there
has been no direct method of implementing manufacturers’ imbalance specifications directly in a
fully-coupled model of a reaction wheel.

The simplified “lumped parameter” method of modeling MED jitter is not physically real-
istic due to the nonconservative nature of adding a system-internal forcing effect as an external
disturbance.[24] Since angular momentum is not conserved in this model, a time varying bias in
angular velocity is observed. The magnitude of the bias is dependent on the relative magnitude
of the spacecraft inertia versus the reaction wheel imbalance and the wheel speed. For analysis
purposes this does not necessarily present a problem. The overall effect of the angular velocity

bias is quite small for spacecraft that have small wheel imbalance to spacecraft inertia ratios. The
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amplitude of MED induced jitter may be computed by subtracting a polynomial fit of appropriate
order from the resulting angular velocity. For spacecraft with poorly balanced reaction wheels or
small wheel mass/imbalance to spacecraft inertia ratios this approach may become problematic.
Additionally, the simplified model does not allow for energy and momentum checks. For a simula-
tion that only includes MED jitter, validation of the model would not be too cumbersome because
of the simplicity of the model. However, if the model of spacecraft has other complex behavior such
as solar panel flexing or fuel slosh, the importance of energy and momentum validation increases
dramatically. The coupled nature of these complex spacecraft systems results in extreme difficulty
with debugging and validation. The energy and momentum checks become essential in this pro-
cess. Furthermore, more complicated momentum exchange devices such as variable-speed control
moment gyros (VSCMGs) violate conservation of momentum moreso than a MED without using a

fully-coupled model due simply to the additional complexity of a gimble axis.

1.4 Research Scope

This primary goal of this thesis is to present a general method of deriving the equations of
motion (EOMs) for a spacecraft containing N MEDs with imbalanced flywheels. The derivations are
shown for both RWs and VSCMGs. Naturally, the equations of motion governing a VSCMG apply
to a CMG as well. The derivations take a classical mechanics approach, rather than generalized
coordinates. Both derivations treat the jitter disturbances as true mass imbalances rather than
external disturbances forces and torques, and thus represents the true physics governing this fully
coupled phenomenon. Static imbalance takes the form of a center of mass offset from the spin axis
of the wheel, and dynamic imbalance takes the form of off-diagonal elements within the wheel’s
inertia tensor. As a result, energy and momentum validation tools are available using these models
due to the fact that the models obey conservation of angular momentum. A Newtonian/Eulerian
formulation approach is employed within both derivations. Since the spacecraft hub is considered
to be rigid, flexible dynamics are not considered. However, the formulation is developed in such a

way that adding other modes such as flexing and fuel slosh is relatively simple.[25] 26] Another key
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aspect of this thesis is the ability to take manufacturers specifications characterizing RW imbalances
and convert them to the parameters introduced in this new derivation. A discussion is included on
this important conversion.

In summary, the goals of the research presented are:

(1) Derive from basic principles the translational, rotational, and motor torque equations for

reaction wheels and variable-speed control moment gyroscopes.

(2) Present a method of implementing standard manufacturer imbalance specifications within

the models developed.
(3) Demonstrate a software-friendly method of solving the equations of motion for each model.

(4) Use energy and angular momentum validation checks to demonstrate the validity of the

derived equations of motion

(5) Demonstrate the validity of the software implementation method by comparing the results

of VSCMG EOMs from two independent software implementations.

(6) Present numerical simulation results of each model and make recommendations for appro-

priate use of each fully-coupled model versus the simplified wheel jitter model.

The logic behind presenting the RW EOMs and VSCMG EOMs separately is to introduce
the reader to the methodology of the derivation before involving the added complexity of a gimbal
axis. Naturally, the EOMs of an imbalanced RW could easily be obtained from the imbalanced
VSCMG equations by simply zeroing out gimbal related terms. However, it is the author’s opinion
that there is value in presenting them separately if only because the majority of readers will likely
be most interested in the RW derivation.

A goal of the research presented within this thesis was to validate the EOMs and software
implementation using with energy and angular momentum results from two completely indepen-

dent software suites. This level of validation shows that the EOMs and software implementation
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method are correct beyond doubt. Implementations of the fully-coupled RW and VSCMG models

derived within this thesis will be released open-source in 2017 as part of the Basilisk astrodynamics

software[l]
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Chapter 2

Imbalanced Reaction Wheel

2.1 Problem Statement

When deriving the equations of motion (EOMs) for a spacecraft with N MEDs, an important
assumption is made in that the MEDs are symmetric and results in the EOMs to be simplified to
a convenient and compact form.[24] However, if the MEDs are imbalanced the EOMs have to be
rederived to account for the fully-coupled dynamics between the MEDs and the spacecraft. This
derivation follows a development path using Newtonian and Eulerian mechanics using a formulation

that uses a minimal coordinate description.[24]

2.1.1 Reference Frame Definitions

Figure shows the frame and variable definitions used for the imbalanced RW problem.
The formulation involves a rigid hub with its center of mass location labeled as point B., and N
RWs with their center of mass locations labeled as W,,. The frames being used for this formulation
are the body frame, B : {by, by, b3}, the motor frame of the i RW, M; : {1, 1y, 723, }, and
the wheel frame of the " RW, W) : {9s,, wa;, w3, }. The dynamics are modeled with respect to
the B frame which can be oriented in any direction. The W; frame is oriented such that the g,
axis is aligned with the spin axis of the RW, the w3, axis is perpendicular to g, and points in the
direction towards W,,. The w3, completes the right hand rule. The M; frame is defined as being
equal to the W; frame at the beginning of the simulation and therefore the W; and M; frames

aresoffset by anangles fimabout the ms, = g, axes. These are the necessary frame and variable
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e,

Figure 2.1: Reference frame setup and variable definitions for the spacecraft + RW problem.

definitions needed for this formulation.

2.1.2 Variable Definitions

A few more key variables in Figure need to be defined. Point B is the origin of the B
frame and is a general body-fixed point that does not have to be identical to the spacecraft center
of mass. Point W is the origin of the W; frame and can also have any location relative to point B.
Point C' is the center of mass of the spacecraft including the RWs and vector ¢ points from point
B to point C'. Variable d; is the center of mass offset of the RW, or the distance from the spin axis,

gs, to We,. These variable and frame definitions are leveraged throughout the paper to derive the

EOMs.

2.2 Equations of Motion

The system under consideration is an N 46 degrees-of-freedom (DOF') system with the follow-
ing second order terms: inertial acceleration 7 gy, angular acceleration wp, s, and the acceleration
of each RW €, ..., Qu. Thus, a total of N + 6 equations must be developed in order to solve for
all second order terms. Section [2.2.1] describes the derivation of the translational EOM and repre-

sents 3 DOF, section [2.2.2] describes the rotational motion and represents 3 DOF, and section [2.2.3]
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describes the motor torque equation and represents N DOF.

2.2.1 Translational Motion

For the dynamical system considered, the center of mass of the spacecraft is not constant with
respect to the body frame. This results in the necessity to track the center of mass of the spacecraft
and its corresponding acceleration. Following a similar derivation as seen in Reference [25], the

derivation begins with Newton’s second law of motion for the center of mass of the spacecraft seen

in Eq. (2.1).
F

SC

To/N = (2.1)

F is the sum of the external forces on the spacecraft which has a mass labeled as mg.. The notation
being used for this work can be seen in Reference [24]. For example, the vector vpg /A 1s a vector
that points from point A to B. The inertial time derivative of vp,4 is denoted by vp,4 and the
time derivative taken with respect to the body frame is v, /A"

Ultimately the acceleration of the body frame or point B is desired, which is expressed

through
Tp/N =Tc/N — € (2.2)

where the center of mass equation is rewritten to yield

N

(mBTB,/B + Z mw,Tw.,, /B) (2.3)
=1

1

sC

C =

Taking the first and second body frame time derivatives of point ¢ results in

N
1
c = - meir%%i/B (2.4)
%=1
1 N
' = mw, T 2.5
Mg ; ¢ WCi/B ( )
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Taking the first and second body frame time derivatives of TW.,/B results in

TW.,/B = Twy/B + Tw., /W, = Tw,/B + diw, (2.6)
T{/I/Ci/B = d’ﬁ]él = wWi/B X di’in = Qigsi X di’wzi = dlﬂz'ﬁ)gz (27)
"y, B = Uiy, X diits, = diQos, — 0}y, (2.8)

Using the transport theorem [24] the inertial and body-relative time derivatives of ¢ are related
through

¢=c"+2wp)v x & +wpy X ctwgn X (wp/n X ) (2.9)
Substituting Eq. and into Eq. and grouping second order terms on the left-hand
side yields the translational equation of motion.

medQ 'w2

(2.10)

me ditvs, QY = oy —2[@p N — [@p /NG
=1

”’B/N

Equation (2.10) shows that the translational acceleration, #p/y, is coupled with the rotational
acceleration, wg/ s, and the wheel accelerations, ;. This is a result of the fact that the reaction

wheels are imbalanced and therefore change the center of mass location of the spacecraft.[24]

2.2.2 Rotational Motion

The rotational motion equation of the spacecraft also needs to be modified. This derivation

starts with the angular momentum of the spacecraft about point B:

N

Hy.p=Hgpp+ Z Hw, B (2.11)
i=1

The EOM for the rotational motion is found using the definition of the inertial time derivative of
angular momentum when the body fixed coordinate frame origin is not coincident with the center
of mass of the body.[24]

Hy.p = Lp+msipn x (2.12)

The inertial derivative of the spacecraft angular momentum is expressed as

N
H,p=Hgpp+ Z Hw, p (2.13)
i1
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Thus, in order to use Eq. (3.28)), each derivative on the right-hand side of Eq. (3.29) needs to be

evaluated. The equation for finding the angular momentum about a point not coincident with the
center of mass of that object [24] is utilized and the following definitions are found

Hpp=Hgpp, +mBTp,/B X TB./B (2.14)

Hy, p = Hw,w., + mw,Tw,. /B X Tw,,/B (2.15)

where the angular momentum of the hub and reaction wheel about their respective center of masses

are
Hg p. = [Ip,B.Jws/n (2.16)
Hw,w.,, = [Iw,w.Jow,n = [Iw,w.,[(ws/n + Qigs,) (2.17)

Taking the inertial time derivative of hub’s angular momentum yields

Hg p = [Ipp.)os/n +ws/n % [Is,p.ws/n + MBTp,/B % P58 (2.18)

and knowing that rp_,p is fixed with respect to the body the following are defined

TB,/B =T,/ +WB/N X TB./B=WB/N X TB,/B (2.19)

Pp.)B = WB/N X TB./B T WB/N X (WB/N X TB./B) (2.20)
Substitute Eq. (3.34]) into Eq. (3.32) yields

Hg p = [Ipp.)os/n +ws/nv % [Is,s.ws/n
+mprp,/p X (Wa/n X Tp./B) +mBTE /B X (Wp/N X (Wp/N X TB./B)) (2.21)
Employing the Jacobi triple-product identity, a x (bx ¢) = (axb) x c+bx (a x c), on the right-hand

side of Eq. (B.35)) and using the parallel axis theorem [Ig p] = [Ip,B,]+ms[7 5, /5|75, /5], the hub

angular momentum derivative is finally written after extensive algebra as
Hpp =[InpJop/n + [@s/n5Is,5)ws/n
(2.22)

+mg[Fp,/8][F B8] @s/n + mBl@s/N][FB, /8] [FB., Bl ws/N

+ [@s/NllIB,Blws N
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Following an equivalent derivation procedure, the inertial time derivative of reaction wheel
angular momentum about point B is
Hy, g =[Iw,w.,, ] (ws/n + Qids,) + [Tw,w., [ (@sn + ds,) + wsyn < Lw,we, (@i + Quds,)
+mw,Tw,, /B X Tw,, /B
(2.23)
The body relative inertia tensor time derivative [Iw, w.,]" needs to be defined. For this general RW

model, the inertia matrix of the RW in the W; frame is defined as

Wi r -
Ju, Jiz,  Jis,

Tw, ., = Ji2, Jog, Jos, (2.24)
Ji3;,  Joz;  J33;

The definition of [Iy, . ] allows for any RW inertia matrix to be considered. Section @ describes
the characterization of the dynamic imbalance of the RW by defining parameters in [Iyy, /Wcz-]'
In order to take the body frame derivative of [Iyy, /Wcz_], Eq. (3.62)) is rewritten in a general

form using outer product expansions.
A AT s AT s T
[IWI/WCZ] :Jlligsigsi + Jl?igsiwz; =+ J13igsiw3i
LT LT s s T
+ Ji12,W2, g5, + Jao,Wo, w3, + Ja3, Wo, W3, (2.25)
s AT s T s s T
+ Ji3,Ww3,gs, + Jo3, w3, Wy, + J33, W3, W3,

The body frame derivatives of wheel frame basis vectors are

’LAU/QZ = wWi/B X ﬁ)zi = Q,-gsi X ﬁ)gi = Qi’ﬁJgi (2.27)
’ﬁ)gz = sz-/B X 11]3i = ngsl X ’ﬁ]gi = —Qi’ﬁ)zi (2.28)
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Taking the body frame time derivative and using Eq. - to simplify yields
[Tw,jw.,) =D12, 8, @5, — J13,2:8,, 3,
+ J12in‘ﬁJ3,-Qg:. + JzziQi’ﬁ)s,-ﬁ)gi + J22in'ﬁJ2i’lb§. + J23in‘ﬁJ3i1b%; - J23in‘ﬁJ2iﬁJ£

ST ST ST ST I
— J13,Q4W2, g, — Jo3,Qiwa, Wy, + Jo3,Qiws, w3, — J33, W2, w3, — J33, w3, Wy,

(2.29)
Eq. (2.29) is expressed in the wheel frame as
Wi 1
0 —J13, J12;
[IWi/WCi]/ = —J13i —2J23i J22i — J33i Qz (230)
Jig;  Jaz, — Jss, 2J23,

The remaining term in Eq. (2.23)) that needs to be defined is Ty, /B Following its definition,

the time derivatives are:

Tw,.. /B = Tw,;/B + dis, (2.31)

W, /B = Tyw,p + diWs, + wp/n X (ryw,/p + dits,) = diQis, +wpn % (Tw,/p + diws,) (2.32)
P, 5 = dilutos, — i, + Wp/n X Ty, /B + 2w X iz, + wpyn X (e X T, /B)

(2.33)

Substituting Eq. into Eq. and applying the triple product identity and parallel axis

theorem [IWi,B] = [Iwi’Wci] + mw, [’F'Wci/B][’FWcZ-/B]T results in

Huw, p =lIw, 5w/ + Iw, Blos/n + [@s/n][Iw, Blws/n
+ [Tw,w., ) g, + Tw,w., |0gs, + [@p/n)[Tw, we, 1, (2.34)
+mw, i, g X (diQws, — A ds,) +mw,wpn X (rw,, /B X Ty, p)
Note that taking the body time derivative of the parallel axis theorem equation yields

[Iw,,58] = [Iw,w., ) +mw, [y, pllFw,, /BT +mw[Fw.,sllFw, 5" (2.35)

Now the definition of the inertial time derivatives of the hub’s angular momentum and reac-

m, Eq. (2.22) and (2.34)) respectively, are substituted into Eq. (3.29)
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Hg. p =Ip glwg/n + [@p/n]Ie.Blws/n + |:[IWi7B]/wB/N + [Iw, Blws/n + [@s/n][Iw, Blws/nv
=1

+ [Tw,w., ) gs, + Tw,w, g, + (@] Tw, ., 18,
+mw, T, g X (dis, — dia,) +mw,wpn X (rw,, /B X Ty, /B)]

(2.36)

N
Noting that [Is.B] = [Is,B] + > [Iw,,B], Eq. (2.36) is simplified to
i=1
Hee g =[lse.lwp/n + (@5 se.8lwp/n + [Tse 8] wp)nr

+)° [[Iwi,wci]'f?iflsi + Iw,w,, 100, + [@p)/n] ([Iwi,wci]QiQsi +mw, [Fw,, /BT, /B)
=1

+ mw; [Fw,, /5] (diitvs, — i ﬁ’%)]
(2.37)
Eq. (2.37) is substituted into Eq. (3.28) to yield

L+ msc';;B/N xXc= [Isc,B]‘-;’B/N + [‘-:’B/N] [Isc,B]wB//\/' + [Isc,B]le//\/'

N
+> [[Iwi,wci]'ﬂiflsi + Uw, w., 185, + [@p/n] ([Iwi,wci]Qigsi +mw, [Fw., /BT, /B)
i=1

+ mw, [Py, /Bl (diSidws, — diS2} ﬁ?zi)} (2.38)

Grouping second order terms on the left-hand side yields the rotational EOM.

N
Mael€lF pyn + [TseBl0s/N + D ([Iwi,wci]flsi +mw, di[Fw,, /3]11131»)91
=1

N
=" [mw. e )i, — (B, g, — (@] (o, 1965, +mw, P /sl s )|
=1

— @/ se,Blwsin — [Tse.Bl' wpn + Lp - (2.39)
Eq. shows that the rotational EOM is coupled with the other second order variables. Similar
to the translational EOM, this coupling is due to the fact that the center of mass of the spacecraft
is not coincident with point B. The motor torque equation is the remaining necessary EOM to

pacecraft and is defined in the following section.
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2.2.3 Motor Torque Equation

The motor torque equation is used to relate body rate derivative wg,n and wheel speed
derivative ;. The motor torque us,; is the spin axis component of wheel torque about point W;.
The transverse torques acting on the wheel 7, and 7, are structural torques on the wheel and

do not contribute to the motor torque equation.

Wip -
Us,
L= |r (2.40)
Tuws,
Torque about point Wj relates to torque about W, by [24]
Ly, = LWci + W, /W; X sz"f.Wci/N (2.41)
Euler’s equation [24] applies as follows.
Ly, = HWZ-,W%. (2.42)
The RW angular momentum about W, is expressed as
Hw,w.,, = [Iw,w.]Jow,n = Iw,w., [ (ws/n + Qigs,) (2.43)

To aid in the simplification of the motor torque equation, [IWi,Wci] is expressed as an outer product

sum and distributed into Eq. (2.43]).

HWz‘,Wci = J11,95, (ws; +€4) + Jl?igsiwwzi + J13igsiww3i
+ Jl?iﬁ’?i (wsi + Ql) + J22¢ﬁ’2iww2i + J23i’ﬁ72iww3i (2'44)

+ Ji3, W3, (Ws, + i) + Jo3, W3, w0, + J33, W3, Wi,
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Note that the W; frame components of wp, and their corresponding derivatives are defined as

we; = Gl wp/n (2.45)
Wy, = Wh,wg) N (2.46)
Wy, = WEWE/N (2.47)

s, = 9l wn/n (2.48)
Duy, = Wh,Wp/N + Qi (2.49)
D, = W3,/ — LW, (2.50)

Grouping like terms in Eq. (2.44) yields

Hw,w., = (Ji,ws; + J11,% + J12,00,, + J13,0u5.)gs, + Pitv2, + ¢iWs3, (2.51)

where p; and ¢; are scalar components defined as

pi = Jig,ws; + J12,82 + J22iww2i + ngiwai (2-52)
qi = Jlgiwsi + J13i Ql + J23iww2i + J33iww3i (253)
Taking the inertial derivative of wheel angular momentum about W, gives

Hy,w,, =(J11,0s, + J11,Q + J12,0u,, + J13,60w;, )85, + Ditha; + s,
(2.54)
+ (J1,ws; + 11, + J12,Ww,, + J13,Wws,)Gs, + Pit2; + ¢,

where the inertial derivatives of the W; frame basis vectors are determined by evaluating the cross

product in wheel frame components such as
gsz- = wB/N X gSi = ww3iw2i - ww2iw3i (2'55)

Similarly, o, and s, are found to be

~

w2, = _Ww3igsi + (ws, + Q)ws, (2.56)

3

W3, = Wy, G, — (s, + Q) (2.57)
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Substituting Eq. (2.55)-(2.57)) into Eq. (2.54) and grouping like terms yields

HWi,Wci =[(J10,8 + Jio, w3, + Ji3, W3 ) + J11, + ws; (J13,Ww,, — J12,Ww3. ) (2.58)
+ W, W, (Jss, — Jaz,) + Jos, (wi% — wi%)]gsi + Piwsy, + Qiws,
Scalar quantities, P; and (); are the coefficients for ws, and ws, respectively. Since only the
coefficient of g, relates directly to the motor torque equation as in Eq. —, specifying P;
and (); is unnecessary as they do not contribute to wusg,.

The next step is to define the remaining terms in Eq. (2.41). This begins by determining the

second inertial derivative of 7y, /n.

TW., /N =TB/N +Tw,/B T Tw. /W, =TB/N +Tw,/B + diwo, (2.59)
Tw., /N = TB/N +wi/n X Tw,/B + (We/n + Quds,) X dity, (2.60)
Py, N = BN +WBN X Twiys + Wi X (Wegn X Twyy) + (e + Qi) X dita, .61
+ (Wi + igs,) X difliws, + wp/n X [(wWa/n + igs,) X ditva,]
Each cross product in Eq. is evaluated using wheel frame components. For example,
(‘*’B/N + QigSi) X djwe, = —diwwsigsz, + di(ws; + Q;)ws, (2.62)

Repeating this procedure several times yields the following expression for the right hand term of
Eq. (2.41) (R; is the coefficient in front of w3, and does need to be defined because only the g

component is desired):

TWe, /Wi X WP We, /N =mw,di ["1’3Tﬁ’B/N — oy [Py, /Blwp/w + w3, [0/ [@s N w5 (2.63)
+d; (gg:‘;’B/N +) + iy, sti]ﬁsi — Rjws,

The motor torque equation is obtained by summing the g, components of Eq. (2.58) and Eq. (2.63)

us; = (11,95, + T12, W3, + J13,03 )0 n + 11, Qi Wy (J13,000s, = T12,0w;,) +Wg, Wy, (J33, = Ja2,)
+ J23i (%2”21- — w121,32_) + mWidiw%;i;B/N — mwldz’ﬁ%; [’f‘Wi/B]wB/N'

+mw, i (@8] [@s/nITw, s + mw,dF(Gews )+ mw AR, Wy, (2.64)
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Grouping second order terms on the left-hand side yields the simplified motor torque equation.

[mw,diws, |7 p/n + [(J11, + mw,d)gl + Jio, 3, + Jis, w3,

— mw, diw3, [Py, Bl wp/n + [T, + mw, 7]

2

2 2
= Jas, (wwsi - wai) + wsi(']lziwwlii - J13iw’w2i) t Wiy, W, (J22, — J33, — mw,d;)

— mw,diw3, [@p /] [@s/NTw, B + ts,  (2.65)

As a form of validation, the balanced motor torque equation may be obtained by zeroing
out all imbalance terms (d;, Ji2,, Ji3,, J23,) and making the assumption Jas, = J33,. Under these

conditions, Eq. (2.65)) may be simplified to
Us;, = Jlli (gng/N + Qz) (266)

Eq. is equivalent to the balanced motor torque equation found in Reference [24].

This concludes the necessary derivations for the EOMs that are needed to describe the fully-
coupled jitter model for imbalanced RWs. Since the simplified RW jitter model [17] assumes an
external force and torque on the spacecraft, the EOMs for the fully-coupled model and the simplified
RW jitter model are significantly different. However, due to the coupled nature of the EOMs, the
similar terms in the simplified model compared to the fully-coupled model are not readily apparent
in EOMs presented thus far. In the following section, the paper addresses this discrepancy and

discusses the conversion from imbalance parameters from RW manufactures to the new parameters

in the formulation.
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Chapter 3

Imbalanced Variable Speed Control Moment Gyroscope

3.1 Problem Statement

The problem consists of modeling static and dynamic imbalance of any number of wheel +
gimbal assemblies attached to a rigid spacecraft. In order to develop the equations of motion in a
general way, we consider arbitrary locations, inertia tensors, and center of mass locations for the
spacecraft hub, gimbal, and wheels. Additionally, the wheel center of mass is not assumed to lie
on the gimbal axis of the VSCMG, and the wheel frame origin and gimbal frame origin are not

assumed to coincide.

3.1.1 Reference Frame Definitions

The development considers the body frame and N gimbal and wheel frames as well as the

inertial frame. The body frame is denoted B. The basis vectors of the body frame are
B:{B,by, by, b3} (3.1)

The ™ gimbal and wheel frames are denoted G; and W, respectively. The basis vectors of G; and

W, are defined as

Gi: {Giagsiagtivggi} (32)

Wi : {I/Vvi:gsivﬁ)%;w?:i} (33)

ors of the G; and W, frames are always parallel.
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Figure 3.1: Reference frame setup and variable definitions for the spacecraft + VSCMG problem.

3.1.2 Variable Definitions

Parameters relating to the spacecraft hub are denoted with a subscript text B. Parameters
relating to the The i gimbal and wheel are denoted with subscripts text G; and W, respectively.
The hub, gimbal, and wheel each are allowed center of mass offsets from their respective coordinate
frame origins. The hub’s center of mass location is labeled as B.. This location is described with
respect to the body frame origin as rp./p. The gimbal is also allowed a general center of mass
offset from the gimbal frame origin. This location is labeled as G, and is located with respect
to the gimbal frame origin as TGe. /Gi The wheel’s center of mass location is labeled somewhat
differently. The wheel center of mass is assumed to lie on the wq, axis a length d; from the wheel
frame origin. This does not result in loss of generality since the parameters L; and ¢; describe
the axial and transverse offset, respectively, of the wheel origin. Thus, the wheel center of mass
location is allowed to vary in three dimensions with respect to the gimbal frame (and thus the body
frame as well, since the gimbal origin location does not vary with respect to the body). Since the
gimbal and wheel centers of mass change with time, so does the overall spacecraft center of mass.

The time-varying center of mass of the entire system is denoted c.
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3.2 Equations of Motion

The system under consideration is an 2N 4 6 degrees-of-freedom (DOF) system with the fol-
lowing second order terms: inertial acceleration 7 gy, angular acceleration wp/ s, the acceleration
of each wheel 1, ...,Qn, and the acceleration of the gimbal 41,...,5y. Thus, a total of 2N + 6
equations must be developed in order to solve for all second order terms. Section [3.2.1] describes the
derivation of the translational EOM and represents 3 DOF, section [3.2.2] describes the rotational
motion and represents 3 DOF, section [3.2.3] describes the gimbal torque equation and represents

N DOF, and section [3.2.4] describes the wheel torque equation and represents N DOF.

3.2.1 Translational Motion

The derivation of the translational EOMs begins with Newton’s second law for the center of

mass of the spacecraft.

. F
fon = — (3.4)
where
N
Mg = mp + Z(mGz + mw,) (3.5)
i=1

F is the sum of the external forces on the spacecraft which has mass mg.. Ultimately the acceleration

of the body frame or point B is desired, which is expressed through

TN =Tc/N — € (3.6)

The center of mass ¢ is time variant and is expressed as

N
1
c= m— (mBTBc/B + Z(mGichi/B + mWichi/B)) (3.7)
5 i=1
Find the second inertial derivative of c.
c=c twxe (3.8)
c=c'twxect+2wxcd+wx(wxe) (3.9)
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Find the body frame derivatives of c.

N
;) 1 / /
c = (ma,re, /5 +mw,Tw, /B)
Mge “ i i
i=1
L
/! " "
c = (me,r¢, /5 +mw,Tw, /B)
mSC im1 7 7

The body frame derivatives of TG, /B are given by

rG.,/B=Tq; /Bt TG, /G
! _ ! _ 2 . A~
TG, /B = TG, /G = WGi/B X TG, /Gi = idg; X TG, /Gi
" o oo /
e X < x /
=% [ggi]chi /Gi + % [ggi]chi/B

The body frame derivatives of ry, ,p are given by

TW../B =TW. /G T TGy/B = diwz, + lig, + Lig,, +7r¢,/B

"W B =T, ja = diwh, + Ligl, = diQtbs, — diyiclig,, + Li¥idy,

28

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

rgVCi/B ngVci/G = dzﬂzﬁ)gz + dlﬂz’ﬁjél - dfyzcﬁzgsz + dzfyzﬂzsﬂlgsz - dfyzcﬁzg;l + Ez"ﬁgtz + &%g@l

= (2d:7iQs0; — diFict; — LiA7) Gs, + (€5 — dite;) g, — i ws, + d;iQs,

(3.17)

Note that the body frame derivatives of the gimbal and wheel frame basis vectors are given by,

gs, = Yibg, X s, = Vi,

Gt = Yibg, X Gy, = —79s,

g, ~ 0

Wy, = (Vigg, + Uigy,) X Wa, = s, — Yicl;gs,

Wy, = (Yigg, + Qgy,) X W3, = Yistigs, — QLiwo,

(3.18)
(3.19)
(3.20)
(3.21)

(3.22)
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Expanding Eq. (3.11)) gives,

N
1 X —
c' “m Z lmGi <’Yi[ggi]rGCi/Gi + %[ggi]’I’/GCi/B>
%=1

- mw, ((24:4682s0; = diFichi — (32) g, + (05 — diiZets) @y, — diQ s, + di i, ) ]

(3.23)
Substitute ¢ into Eq. (3.6).

Fp/N = ion — ¢+ [w - 2[@)¢ — [@][@]e (3.24)

Substitute Eq. (3.23)) into Eq. (3.24) and group second-order terms to obtain the translational

equations of motion.

N

> [mGi 9]¢ /0 — mw,dictig,, + mwifz@ti] i +
Mge i—1 ™m,

| X
> [mw, divs,] Q4
%=1

N ~
Z [mGi ¥i [ggi]rchi /B

SC .
=1

=io/n — 20w]d — [@][@]e —

+ mw, [ (QdfyZQZst — &'yzz) gsi — dwfc@zgtz — szlz’ﬁ)gzﬂ (3.25)

This equation represents 3 DOF and contains all second order states (g /N> W, Vi QZ) Removing
wheel imbalance terms and assuming a symmetrical VSCMG (i.e. re../c; = 0, ¢; =0,d; =0)
gives the following equation.

msc'fB/N — Mse [é]w =F —2my [GJ]C, — Mse [&]26 (3'26>

Thus, the balanced VSCMG translational equation of motion does not contain any second-order
terms relating to the wheel or gimbal, and agrees with Reference [24]. The following section shows

the derivation of the rotational equations of motion.

3.2.2 Rotational Motion

The derivation of rotational EOMs starts with the angular momentum of the spacecraft about

point B.

N
Hsep = Hpp + Z(HGi,B + Hw, B) (3.27)
=1
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The inertial time derivative of angular momentum when the body fixed coordinate frame origin is

not coincident with the center of mass of the body is
Hyp = Lp+msipn x ¢ (3.28)

where Lp is the vector sum of external torques acting on the spacecraft. Differentiating Eq. (3.27)),

the inertial derivative of the spacecraft angular momentum is expressed as

N

H.p=Hpp+)» (Hgp+ Hw,p) (3:29)
=1

Thus, in order to use Eq. (3.28]), each derivative on the right-hand side of Eq. (3.29) needs to be
evaluated. The first step is to derive the hub angular momentum derivative H B,B- The hub angular

momentum about point B, is given by
Hp p, = [IpB.Jwp/n (3.30)
Angular momentum about point B, is related to point B using the following equation.
Hpp=Hgp, +mBTp,/B X TB./B (3.31)
Taking the inertial time derivative of the hub’s angular momentum yields
Hgp = Ipp,]w + [@][I,B.]Jw + maTp, /5 X F5,/5 (3.32)

Note that the body rate pseudovector wg s will be abbreviated as w henceforth. Knowing that

T,/ 1s fixed with respect to the body frame, the following are defined

BB =Tp, g+ WXTpB=WwXTp,p (3.33)

'FBC/BZ“.)X"'BC/B —i—wx(wxch/B) (334)

Substitute Eq. (3.34)) into Eq. (3.32) yields

Hgp = [Ip.]Jw + [@][Ig,B.)Jw + mprp, /p X (@ X T /) + meTp, /B X (WX (WX Tp/B)) (3.35)
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Employing the Jacobi triple-product identity, @ x (b X ¢) = (a x b) x ¢+ b x (a x ¢), on the

right-hand side of Eq.
Hg p = [I pJw + [@][IB B.Jw + mz[F 5, /5][F 5./5)" @ + me[@][Fp,/5][F 5. 5)" @ (3.36)
The parallel axis theorem relates inertia about the hub center of B, to the hub origin B.
[Is,B] = [IB,B.] + mB[F 5,858 (3.37)
The hub angular momentum derivative simplifies to
Hyp p = [In,plé + [@][Ip,plw (3.38)

The next step is to derive the gimbal angular momentum derivative H a,;,B- Recall that the ith

gimbal frame is defined as
Gi :{Gi:95,,91,,94,}
Angular velocity of the gimbal frame with respect to inertial is
wg, /N = wWp/N +Wg, /B =W+ Yidy, (3.39)
The gimbal angular momentum about point G, is given by
Hg, ., = ¢ lwg, v = e, ¢ J(w+7igg,) (3.40)
Angular momentum about point G, is related to point B using the following equation.
Hg, b= Hg, ., +ma,r¢,.,/B X TG, /B (3.41)
Take the inertial derivative.
Hg, p = I, 0. )@+ %igy,) + Ua, 6., ) wg, v + [@lle, a.,)wg n + ma,Te, 5 X Fa, 5 (342)

The next step is to define the gimbal inertia tensor about the gimbal center of mass [Ig, c.. | and

its body frame derivative [IGiaGci]/ . Expressed in the gimbal frame,

Gir .
IGsi IGlzi IGlsi
Ueic.) = |lcy, Ic, Icu, (3.43)
IG13i IG23i Ing'
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This tensor may be rewritten in a frame independent form as,
[IGuGcz] :IGslgslgg: + IGlngSzgg,: + IGISlgSzgg;
+1G15,9¢,94, + 16,,9,9¢, + 1625, 91,95, (3.44)

- 10131‘@81‘92; + IG23iggigg; T IGgiggiggi

Taking the body frame derivative of this equation results in,
Ua,c.,) =l 8598 + I, 94,93 + e, 84,90 + 161, 85,90 + 1a.s,95,95,
+1612,01,9% + 1615, 90,98 + 16,,01,90 + 16, 90,91 + Ic.,91, 95, (3.45)
+ Iays, 9,95, + LGy, 94,91,

Recall the following body frame derivatives.

~/ PN
gy, = —7Gs;
g, =0
Simplifying Eq. (3.45)) gives the expanded form of the body frame derivative of the gimbal inertia.
Ucie,) =16.,704,92, + 16, 195,9%, + 1612, 784,91, — 112, 795,95, + 1615, 794,95,
- IGlzi;YQs,-gZ; + IG12i;YQt,-g£ - IG%- ’)’gslga - IGti;YQt,-gZ; - Isti"YQsngi (3'46)

+ IG13i;yggigt’1; - IG231- ’)’lef]sTl

This tensor may be written in gimbal frame components as,

Gir e
_21G121- (IGsz- - IGti) _IG23i
Ueoc,) =% |(a, —Ic,) 2l Ia,, (3.47)
_IG23i IG13i 0

The second inertial derivative of rq,_,p is needed. Define the body frame derivative and first

inertial derivative of rq,_ ,p, noting that point Gj is fixed with respect to point B.

'chi/B = chi/Gi + rGi/B (3.48)
T B = T o = iy, X TG, /G, (3.49)
’I"‘Gc. B = ’r'/G /B +w X TGCZ./B = ’ngl X chi/Gi +w X chi/B (3‘50)
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The second inertial derivative of rq_ /p is
7

Fq.. /B =Vidg, X TG, /G t Yidg, X rchi/Gi +Wwxrg, BtwX r/Gci/B +w X Tg, /B (3.5
=Hildg,Ira., jc: + Hil85)76,, 6 T [Fau Bl @ + 206, )T w + [@@re, /B
Note that ,
TG B = TG/ = Ti 9g )¢, jc + i [égi]rchi /G (3.52)
Substitute into Eq. (3.42).

Hg, p =[lc, 6., (@ +%d,,) + Uc,.c.,)wg v + [@)a,.c., Jwg, /v

+ma,[Ta,, /8] [% 95,17, 00+ 318876, 6+ [Fan, B o + 2[5l w + [@[@]re,, /B]

(3.53)

The parallel axis theorem relating the gimbal inertia about point B to the gimbal inertia about
point G, is given by

[Ia,.8] = [, 6., + ma,[Fa., /8l[Fa. 8" (3.54)
Note the following simplification (using the triple product identity):

Fe., Bll@l@lre, 5 = @)Fe,, /BllFe., /B w

Using Eq. (3.54), Eq. (3.53]) simplifies to

Hg, p =llc, Blo + g, c., 58, + Ui 6., ) wg, v + [@)llc, Blw + [@]llc, ¢, ]idg,

(3.55)
+ma,[Fe,, ) [l Irc. . + 1l0g )76, o, + 2, /57w
The next step is to employ the body frame derivative of the parallel axis theorem.
e, 5l = Ua.c.,) +ma,[Fg, pllFa., 8" +malFa. BlFG, /5" (3.56)

Note the following simplification (using the triple product identity):

TG 8 ¥ (WX TG, ) =(rg, /B xw) X1, p+wx(re, /B XTq, /B)

=[rG../pllFa., /Bl w + @l[Fa., /BlrG, /5
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Eq. (3.55) is further simplified using Eq. (3.56)) to give the gimbal angular momentum derivative.
Hg,  =[lc, 8w + [Ig, B]'w + [@[lc, 8w + [Ia, 6. gy, + a0, ) Yide, + [©)[Ia,.c., )iy,

+mg, 7, /5] [% 9 ]rc., /o +Hil0g )76, /Gi] +ma,[@][Fe,, /8lG, /5

(3.57)

The next step is to derive the wheel angular momentum derivative H w;,B- Recall that the ith
wheel frame is defined as

Wi AW, g, Wo,, W3, }
Angular velocity of the wheel with respect to inertial is
Wy, N = WE/N T we, B + ww /g, = w + Fidg, + Qid, (3.58)
The wheel angular momentum about point W, is given by
Hw,w., = [Iw,w.Jwow,/n = Iw,w., ] (w+¥igg, + Qgs,) (3.59)

Angular momentum about point W, is related to point B using the following equation.

Hw,p=Hw,w,, + mw,Tw,, /B X f'Wci/B (3.60)

Take the inertial derivative.

+ [WllIw, we, Jew, v + mwrw, B X Fw., /B

The body relative inertia tensor time derivative [IrWi,Wci]/ needs to be defined. For this general RW

model, the inertia matrix of the RW in the W; frame is defined as

Wi r -
Ju, Jiz, Jis,

[Iwi,Wci] = J12i Jzzi J23i (3.62)
Ji3;  Jo3,  J33,
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The definition of [Iw, ., | allows for any RW inertia matrix to be considered. In order to take the
body frame derivative of [Iwi,wcz,], Eq. is rewritten in a general form using outer product
expansions.
Iw,w.,] =J11,85, 9% + J12,8, W5, + 13,95, W3,
+ Jlgi’fvgigg; + ngi'fugi'ﬁ)%; + J23iﬁ)2iﬁ’§; (3'63)
+ J13i’11)3igg:, + J23i’ﬁ)3i’lb%; + J33i1173i’ﬁ)%;
Take the body frame derivative.
[Tw,w.,) =TG5, 95, + J11,95,95, + Ti2.94, @3, + Ji2,95, 3] + J13,95, @3, + J13,95, 03]
+ Jio,Wh gL + Jio,Wa, gL + Jao, Wh W3 + Jao, W, W3 + Joz, Wh W5, + Joz, Wo, w3
+ Jlgiﬁigigg; + Jlgilbgiggzl + J23Z.’ﬁjl3i’ﬁ7£ + J23iﬁ)3i'ﬁ)%;/ + J33i’ﬁ)gi’ﬁ)§i + J33iﬁ73i’lb%;/

(3.64)

Recall that the body frame derivatives of wheel frame basis vectors are (reprinted for convenience)

Q; = %gtl

ggz = _ﬁ/gsi

Gy =0

'ﬁ)l21 = Qyws, — ")’iceigsi
Wy, = 4is0igs, — Qi

After an exhausting amount of algebra, Eq. simplifies to the following tensor (given in wheel

frame components).

[IW»L,WCZ.]/ =
Wir -

2%;(J13,80; — J12,c0;)

Yi(Ja;c0; + J23,50;) — J13, %

Fi(Jp,80; — Joz,c0;) + Ji2,€

Yi(Ja;c0; + Joz;50;) — J13,82% i (Jp;80; — Joz,cb;) + J12,8

2(J12,5icl; — J23,%)

Yi(Jig;c0i — Ji2;80;) + Je,

Ji(Jis,c0; — Ji2,80;) + Je,

2(J23,80 — Ji3,7i86;)

(3.65)
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Where,
Ja; = J11; — Joz, (3.66)
Iy, = J33, — Juy, (3.67)
Je; = Jaz, — J33, (3.68)

Note that if we assume J13 = Jo3 = 0 this tensor becomes,

Wi -
29;.J13,80; Yida,c0; — J13,8; Vi Jv; 50;
[IWi,Wci]/ = ;YiJaiCHi — JlBiQi 0 "j/i.]13i(;0i + JcZ'Qi (369)
Vi b, 50; YiJ13;¢0; + Jo, € —2.J13,:80;

Furthermore, by assuming Jas, = J33,, J13 = 0, and 6; = 0 (since the wheel frame does not rotate),

the equation above simplifies to

Wi -
0 "}/i:]aicei 0

[IWi,Wci]/ = ;YiJaiC‘gi 0 0 (370)
0 0 0

The second inertial derivative of ryy, ,p is needed. Note that the static imbalance is fundamentally
an impact of the wheel center of mass offset d;. We arbitrarily allow this offset to act in the ws,

direction. The center of mass of the wheel with respect to point W; is thus given by
Tw,. w; = diwa; (3.71)

Additionally, point W does not lie on the body fixed gimbal axis g, for all VSCMGs. Such an
offset subtly contributes to jitter. Thus, we introduce a radial offset ¢; of the wheel center of mass.

Point W; is related to point G; by

where L; is the axial offset of the wheel from the gimbal origin that is common in many VSCMGs.

The time varying vector that relates the wheel center of mass to the body frame origin is then given

 tTwie, T Ty B = diws, + 4igy, + Ligg, +7q,B (3.73)
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Recalling that rq,/p and ggi are both body frame fixed vectors, we define the body frame derivative

and first inertial derivative of TW,./B-
T%Vci/B = ’I’{,VCZ‘ /G = dl’lblzz + Ezggz = dZQZ’ﬁng — dzyzcezgsl + fz’yzgtz (374)
"W, /B = T/WCZ./B twXrw, /B (3.75)
The second inertial derivative of ryy, /g is

Fw, /B =T, g+ WX Tw, B+ wX Ty gt w Xy, B
’ ’ (3.76)
e/ ~ T, 2 ~/ T ~ ~

=Tw.,/B + [TWCZ./B] w + [chi/B] w + [@] [w]"“Wci/B
The second body frame derivative of vy, /g was defined in Eq. (3.17) and is reprinted here for the

reader’s convenience.
rchz- /B = (2di4:0us0; — di¥ict; — LA2) Gs, + (L — divZcd;) @y, — di b, + diQws,

Substitute Eq. (3.76) into Eq. (3.61)).

Hw, g =[Iw,w., (@ + %8, + Qgs, + X980,) + Tw,w, ' wow, v + (@] Tw,we, Jow, /v 577

+ mw, [Fw,, /5] [r’év 5+ [Fw, 8] @+ 2[Fy,, sl w + (@] [a’]chi/B]

The parallel axis theorem relating the gimbal inertia about point B to the gimbal inertia about
point W, is given by

[Tw,.8) = [Iw, w.,] + mw, [Fw,. /8)[Fw., /8] (3.78)
Using Eq. , Eq. simplifies to

Hw, p =[Iw, Bl& + [Iw, w., ) (39, + Qigs, + 298y,) + [@][Iw, Blw + [©][Iw,.w,, Jwow, /5

(3.79)
+ Iw, e, Vwow e + mw, [P 6] [, 6 + 207, /B]Tw]
The next step is to employ the body frame derivative of the parallel axis theorem.
[Iw,.B]' = [Fw,w., ) +mw, [Py, pllFw., /8]" +mw,[Fw,, /sl w, 5" (3.80)

Note the following simplification (using the triple product identity):
!/ / /
chi/B X (w X chi/B) Z(chi/B X w) x rWCi/B tw X (rWCi/B X chi/B)

=[Fw,, /pllFw., 8] @ + [@][Fw,, /BT, /5
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Eq. (3.79) is further simplified using Eq. (3.80) to give the wheel angular momentum derivative.

Hyw, p =[Iw, 8@ + [Iw, 8w + [@][Iw, 8w + [Tw, w.,|(§idg, + ds, + X98,) + Uw,w., ' wow, /5

+[@llIw, we, Jwows /s + mw, [Fw., /Bl 5 + mw @] Fw., /Bl /B

(3.81)

We may now formulate the rotational equations of motion. Euler’s equation is rearranged as

N

Mse[€]7 g/ + Hgpp + Z(HGi,B +Hw,5)=Lp (3.82)
i—1

The rotational equations of motion are formulated by substituting Equations (3.38]), (3.57)), and

(3-81)) into Eq. (3.82)
N

msc[é]i'B/N + [Isc,B]"‘.'J + Z [[IGinci]ggi +maq, [%Gci/B] [égi]chi/Gi + [Iwhwci]ggi
=1

N
tmw, [T, ) (g, — dictig) |5+ 3 [ w19, + mw,diliw,, slios, |
=1
N
=Lp — [Le|w — [@][TecBlw — > [[fGi,Gci]'%Qgi + [@lle, 6., %8s, + me.[@][Fe., /BlTG, /5

i=1
+maYilta,, /8] [égi]rchi sGi w198y, + [w,we, ' ww, s + (@) [Tw,we, Jww, s

+mw, [@][Fw., /BT, 5 + mw[Fw, 8] [(24i5iQusb; — 657) @y, — diicbigy, — diQw,] }

(3.83)
The total spacecraft inertia about point B is given by,
N
[ISC,B] = [IB,B] + Z[Ivscmgi,B] (384)
i=1
where,
[Lvseme,,B] = [Ia,,B] + [Iw,,B] (3.85)
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The rotational equation of motion for a VSCMG with balanced wheels may be found by setting

imbalance terms to zero.

N N
msc[&]'f'B/N + [Isc,B]‘-"-J + Z IVgiggi;)'/i + Z IWsigsiQi

=1 =1
N
= L — @][Leplw = Y |wriilIv,, = Iv,, + v, )s,
i=1

+ [willv,, — Iv,, = Iv,) + Tw,, (5 + wg) |8, — wilw,, Qiflg,} (3.86)
This equation agrees with that found in the reference. However, for back-substitution, we need it

in the following form.

N N
M€l gy + LseBlw + Y Iv, 8 5 + Y Tw, 8.,
=1 i=1
N
=Lp — I pl'w — [@[LcBlw — Y [thi Qvg, + QiviIw,, — Iw,, )9,
i=1

+ (@], o, iidl, + @] Iw,v. Jow,s| - (3:87)

The equations of motion for an imbalanced RW may be obtained by setting 4; = 4; = 0 in Eq. (3.83)).

N
Msc (€] g/ + [Lse,B]lw + Z [[Iwi,wci]gsi + mw,d; ['FW%/B]TIJ&] oF
i=1
N
=Lp — [Le,p)w — [@][Lc,plw — > [[Iwi,wci]'wwi /8 + (@[ Iw, w.,, Jww, /5
=1

+mw, [@][Fw., /BT, 5 — mw,diQ [P, /B]ﬁfzi]
(3.88)
Eq. (3.88) agrees with the formulation found in Reference [27]. Eq. (3.88) is further reduced by

setting all imbalance terms to zero.

N N
Mael€lF pyn + Lse,Bl0 + Y _[Tw,w,,195,% = Lp — [@][Le.slw — > _[@][Tw,w,, 19,%  (3.89)
=1 =1

If the center of mass of the spacecraft C' is coincident with point B, this equation is reduced to

N N
Le. 8]0 + Y [Tw,w.,196,8% = Lp — [@)[Lee.8lw — >_[@][Tw, w., 195, (3.90)
=1 =1
N-balanced reaction wheels, and agrees with Reference [24].
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3.2.3 Gimbal Torque Equation

The gimbal torque equation is used to relate body rate derivative wg,\r and gimbal rate
derivative 4;. The VSCMG motor torque ug, is the g, component of gimbal torque about point
G;. The torque acting on a VSCMG at the joint between the motor and the gimbal assembly is

given by
gir

(3.91)

The transverse torques acting on the gimbal 74, and 74, are structural torques and do not contribute
to the equation. Torque about point Gj; is related to torque about the VSCMG center of mass V,

using the following equation.
Lg, = Ly, + mv,7v, /6, X v, /N (3.92)
Euler’s equation applies as follows.
Ly, =Hg,y, + Hw, v, (3.93)

The VSCMG motor torque is the g, component of the right-hand side of Eq. (3.92). This is found

in a frame independent format as

Ug, = !AJréFiLGi = Qg, (HG’i7VCi + HWz',Vci + TV, /G;i ¥ mVﬂ;Vci/N) (3.94)

where the gimbal and wheel angular momentum derivatives about point V., are related to point

W, using the following equation.

Hg,v. = Hg, ., + maG;TG., Ve, * f‘Gci/vci (3.95)

HWthi = HW@'chi + mWichi/Vci X ’;'Wci/vci (396)
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The inertial derivatives of the wheel and gimbal angular momentum about their respective centers

of mass were found in the previous section and are reprinted here for the reader’s convenience.
Hg, ., = [lc,6. (@ +%8,) + U, 6.,/ we v + [@)a,.c., Jwg,/n (3.97)
Hw,w.,, = [Iw,w. (@ + %8s + gy, + 298.,) + Tw,w,, ) ow, v + (@ Tw,w,, Jow, v (3.98)

Define the terms on the right-hand side of Eq. (3.95).

TGe,/Ve, = TGe;/Gi — TVe; /Ci (3.99)
i'Gci/Vci = r,(;ci/‘/ci twxXrg, v, (3.100)
PG Ve, = TG v TWX TG, v, F20X TGy Fw X (WX T, y,) (3.101)

Define the terms on the right-hand side of Eq. (3.96)).

TW%’/V% = chi/Gi - eri/Gi (3.102)
PWey [Veg = TWa, Ve, T 90 X TV (3.103)
Fw. Ve, = T, v T WX T, v, 2w X Ty w X (W X Ty, gy, ) (3.104)

The body frame derivatives are given by

TIGCi/VCi - T,GCZ‘/G'L B r,‘/ci/Gi (3105)
T/C/;Ci/vci - Tgci/Gz‘ o rl‘//ci/Gi (3106)
T.{/V%/V% - T'{/VCZ./Gi - r,Vci/Gi (3.107)
rchi/VCi - rgVCi/Gi B Ir/‘,/ci/Gi (3108)

The VSCMG center of mass location with respect to point G; and its body frame derivatives are

given by
1
Jap— ’ : ; » 3.109
P = e (mare e g, (3109
Ty G = PO G G+ PWT] (3.110)
Ve, /G — PGiTa., jq; T PWiTw,, /q;
T,I,/ci/Gi = PG,»?“/C';%/GZ_ + pWirchi/Gi (3.111)
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where the mass ratios are abbreviated as

mg.
, = 3.112
PG; ma, + mw, ( )
mw.
, = 3.113
PW; ma, + mw, ( )

Reprint Eq. (3.49), (3.52)) for convenience.
TG, /G = i 9z 7., /c,
"‘Z:Ci/g = &i[égi]chi/Gi + 71[?]&]7416'61/6’1
Reprint Eq. (3.16)), (3.17)) for convenience.
T a = dihy, + 1igy, = diQvs, — divictigs, + Livigy,
e;/ i
", 6 = (2di3iQs0; — diFict; — 6A7) gs, + (L — diicti) gy, — diQva, + diyivs,

rchi/G = (&Qtz - dzCngsz)% + dz’ﬁjngz + (2dz'719z591 - 52712) gsi — dz’yfcezgtz — sz?ﬁJZZ

Evaluate %Vci /N-
Py, /N =TV, /BT TB/N (3.114)

Find the second inertial derivative of TV,,/B (note that T,Vci G = T/Vci /B and r%’/% o= TQI/%/B)

Ve B =TV, /5T WX TV, /B (3.115)

Py /B =Ty, Bt @X Ty, B+ 2wX Ty ptwx(Wxry, p) (3.116)
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Substituting into Eq. (3.94) and performing a massive rearrange gives the VSCMG gimbal torque

equation of motion.

gg; [mvi ['F.Vci/Gi] f.B/N + ggl [IVi,VCi] + my, [’FVci/Gi][’FVci/B]T w + gg; [IGi,Gci]ggi
+ [Iwi’WCz‘]ggi + [B] (&gtz o dlce’gsz) + [Qi][égi]chi/Gi Vi + f]g; [IWZ»,W%]QSZ. + [P@]dz’lbgl Ql
= —ﬁgT,. Yil Qi [égi]rl(}ci/Gi + [P][ (2di4iust; — 6i37) §s, — ditPedigy, — diQio, |
+ e, 6. N wg v + [@llc, 6., Jwg, n + [Tw, w., 178, + Iw, w., ' ww, /v
+ [GJ] [IW“W%]“‘JW,/N + mg, [’IN”GCZ_/V%] (2[(:)]7'/6;61 [Ve, + [&]2746;%/‘/%)
+ mw, ["N"WCZ-/VC,-](Q[JJ]’I"{,V%_/V% + [‘:J]QTWc,-/Vci) + my, [’FVci/Gi] (2[&;]71"/%/3 + [‘:’]QTVCZ./B) + g,
(3.117)
Where,
(v ve,] = e ve, ] + [Tw,,ve,] (3.118)
g, v.,] = Ua: c.,| + ma.[Fa, v Fa., v, " (3.119)
Uw,v.,] = Iw,we,] +mw,[Fw, v, ][7w., /Vci]T (3.120)
[P] = mw, pe,[Pw., v, ] — ma,pw[Ta,, v, | + mw, [Py, sa,) (3.121)
[Qi] = ma.pw;[Fa,, v, ] — mw.pc[Fw,, v, ] + ma,[Fy,, 6] (3.122)
@) = [@][@] (3.123)
Removing all imbalance terms, Eq. (5.24]) simplifies to the equation found in Reference [24].
I, (9g,@ + i) = ug, + (Iv,, = Iv, Jwswr + Tw,, Qicor (3.124)

3.24 Wheel Torque Equation

The wheel torque equation is used to relate body rate derivative wp/n and wheel speed

derivative ;. The wheel motor torque us, is the g, component of wheel torque about point W;.
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The torque acting on a RW at the joint between the RW motor and the RW rotor is given by

Wir 7
U,

L, = |7, (3.125)
Tws,

The transverse torques acting on the gimbal 7, and 7, are structural torques and do not con-
tribute to the equation. Torque about point Wj is related to torque about W,, using the following
equation.

Euler’s equation applied as follows.
Ly,, = Hwi,wci (3.127)

The VSCMG motor torque is the ggi component of the right-hand side of Eq. (3.126f). This is

found in a frame independent format as

The inertial derivatives of the wheel and gimbal angular momentum about their respective centers

of mass were found in the previous section and are reprinted here for the reader’s convenience.

Hw,w, = [Iw,w., (@ +%igg, + Qds, + 2980,) + [Tw,w., )/ ww,n + (@) [Tw, ., lww, v (3.129)

Define

The second body frame derivative of Ty, /B Was defined in Eq. (3.17)) and is reprinted here for the

reader’s convenience.

My, p = (24i%iQust; — difict; — 637) g, + (s — difcdi) gy, — s, + diSdibs,
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Substituting into Eq. (3.128]) gives the wheel torque equation.

| mw,di} | i+ |G ] + mw,digl oz ] [P, /5] | @
+ [J12,80; + Jis,c0; — mw, dilist] 5 + [Ji1, + mw,di | Q
=—gl [[Iwi,wci]'wwi/N + (@] [Tw, we, Jww, v + mw, dils,] [2[7“{4/% 5w + [@][@]ry,, /B]]
+ (J13,80; — J12,¢0;) QY — my,d22c;s0; + us,  (3.131)

Removing imbalance terms gives (recall that for the simplified case 6; = 0),

Ly, (90,0 + Q) = —Iw, wii + us, (3.132)
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Chapter 4

Imbalance Parameter Adaptation

4.1 Simplified Imbalance Model

The well-used method to specify reaction wheel imbalance is to lump sources of imbalance
into scalar parameters. The simplified reaction wheel imbalance model directly utilizes such speci-
fications to model jitter as an external torque.[I7, 8] Static imbalance, Us, typically given in units
of g-cm, specifies the proportionality of the square of wheel speed to the magnitude of disturbance
force caused by an offset in center of mass from the geometric center of the reaction wheel. That
is,

F,, = U, Q1 (4.1)
where ; is an arbitrary unit vector normal to the wheel spin axis and F', is the resulting force on
the spacecraft. If the reaction wheel is not coincident with the spacecraft center of mass, torque on

the spacecraft resulting from the static imbalance force is given by the simplified model as
Ly, = rw,p x Fs, = U, QO [Fw, 5l (42)

Note that the simplified model uses the approximation TW.,/B X TW,/B since d; is usually very
small and 7y, /g # 0.

Dynamic imbalance Uy, typically given in units g-cm?, specifies the proportionality of the
square of wheel speed to the magnitude of disturbance torque caused by off diagonal terms in the

reaction wheel inertia tensor. That is,

Ly = Uy Q2%; (4.3)
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where »; is an arbitrary unit vector normal to the wheel spin axis and L, is the resulting torque
on the spacecraft. Note that @; and »; are only required to be normal to their corresponding
spin axis. This is because the lumped parameters Uy, and Uy, do not contain any information on
orientation/location of mass imbalances about g . Additionally, the initial value of the wheel angle
parameter is arbitrarily chosen, which further emphasizes the arbitrariness of the vectors @; and

v; since they relate to the body frame through wheel angle ;.

4.2 Imbalance Parameter Adaptation

To relate the simplified model to the fully-coupled model developed within this paper,
Eq. (2.39) is analyzed to identify terms that directly contribute to torque on the spacecraft. Notic-

ing the presence of wheel speed squared and the cross product of wheel location in the term
M, &% [Py, B,
it is equated to the simplified static imbalance model to yield
Us 0 [Fwry 5.} = 1, di Q5 [Py, 5, (4.4)

Rearranging this equation for Us, and making the approximation ryy, /g ~ Ty, /p yields an expres-

sion for d;
Us,

Mrw,;

d; = (4.5)

For the dynamic imbalance, the presence of wheel speed multiplied by [Irwi,Wci]/ term results

in an inertia value times the wheel speed squared
[ITWi ’Wci ]/Q'L'gsi

Equating this term to the simplified dynamic imbalance model yields

W_ —

Ug, QG0; = [T, w,, /' s, = 8 |~ Jis (4.6)

7
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Rearranging this equation for Uy, yields Eq. (4.7)) and agrees with the relationship found in Refer-
ence [§].

Thus, the fully-coupled model is under-constrained with respect to the implementation of the

simplified model, and some combination of Ji3 and Ji3 must be selected for each wheel such that

Eq. is satisfied. Since the unit vector v; is arbitrary (as well as wq, and w3, due to the
arbitrariness of initial wheel angle), the following definitions are chosen

Ji3; = Uy, (4.8a)

Ji2, =0 (4.8b)

To complete the discussion of characterizing RW imbalance from manufactures’ specifications,

the full inertia matrix needs to be defined. The balanced reaction wheel inertia tensor is

Pir -
Jo 0 0

[Irwi,Wci] = 0 Jti 0 (49)
0 0 J,

where P; is the principal axes frame of the RW. J,, and J;, are the spin axis inertia and transverse
axis inertia of the RW, respectively. For there to only be Ji3, terms present in the WV; representation
of the RW’s inertia tensor, the rotation matrix between W; and P;, labeled as [W;P;] must be a

single axis rotation about the w,, axis:

[WiPi] =

cos(f;)
0

sin(5;)

0

1

0

— sin(3;)
0

cos(f;)

(4.10)

where 3; is the angle of rotation. Transforming [Irwz',Wc,»] from the P; frame to the W; frame using

Eq. (4.10) and using small angle approximations yields

W;
Jsi 0 (JSZ - Jtz)ﬁl
[Irwi,Wci] = 0 Jti 0 (411)
(Jsz Jti)/Bi 0 Jti
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However, from Eq. (4.8a)), [I;y,/w., ] can be written in the following form

Wi .
J. 0 U,

[Irwi/Wci] = 0 Jti 0 (412)
Us 0 J,

This gives the following relationship between the rotation angle, §;, and Uy,

Uy,
- P 413
oy (4.13)

This concludes the necessary steps to relate manufactures’ specifications of RW imbalances
to parameters needed for the fully-coupled jitter model. In addition, the simplified description
of Iy, /Wci] seen in Eq. (4.12)) simplifies the EOMs developed in the previous sections due to

Ji2; = J13; = 0. In addition, Eq. , (4.8a]) and (4.12]) allow a direct comparison of the results

of the simplified model to the fully-coupled model which is discussed in the following section.
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Chapter 5

Software Implementation

This chapter describes general methodology of implementing dynamical equations of mo-
tion into a software simulation, as well as methods of validation. Section describes the back-
substitution method used to solve the coupled equations of motion of an balanced or imbalanced
RW or VSCMG in a computationally, software friendly way. Section describes the energy and

angular momentum equations used to validate the fully-coupled EOMs.

5.1 Back-Substitution Method

In Chapter [2, the derivations of the translational, rotational, and motor torque equations
of an imbalanced reaction wheel resulted in N + 6 coupled equations. Likewise, Chapter [3| de-
rived the translational, rotational, gimbal torque, and wheel torque equations for an imbalanced
variable-speed control moment gyroscope, and resulted in 2N 4+ 6 coupled equations - two for each
VSCMG, three relating to angular acceleration, and three relating to linear acceleration. The most
straightforward method of solving these coupled equations is to use the system mass matrix method.
However, this method of solving the EOMs involves taking the inverse of 2N 46 by 2N + 6 matrix,
which can be computationally expensive when implementing the model in a software simulation. A
more computationally attractive method is to use back-substitution. Although more intricate than
the system mass matrix method, back-substitution can significantly reduce computation time when
solving the equations of motion. Back-substitution involves substituting the equations of motion

into each other so that the number of second order states in the translational and rotational EOMs
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is reduced, and may be solved by taking two the inverse of two 3 x 3 matrices. After this, the other
second order states may be solved for trivially.
The goal of back-substitution is to manipulate the rotational and translational equations of

motion to conform to the following form,

[A] [B]| |78/~ _ | Vwrans (5.1)
[C] [D]] |ws/n Vrot
where [A], [B], [C], and [D] are 3x3 matrices representing 5,y and wp/z coefficients within the
translational and rotational EOMS. ipans is a 3x1 vector that represents the right-hand side (RHS)
of the translational EOM, and v, is a 3x1 vector that represents the RHS of the rotational EOM.

The matrices [A], [B], [C], [D] and vectors ¥ipans, Vrot are broken down as follows.

[A] = [Anub] + [Acont:] (5.2)

[B] = [Bhub) + [Beontr] (5.3)

[C] = [Chup] + [Ceonts] (5.4)

[D] = [Dhup) + [Deontr] (5.5)
Vtrans = Vtrans,hub T Vtrans,contr (5.6)
Vrot = Vrot,hub + Vrot,contr (5.7)

where [Apyp] represents the contribution to [A] from the spacecraft hub and [Acontr] represents
the contribution to [A] from the effectors (i.e. RWs or VSCMGs), etc. [Apyp] etc are the same

regardless of the type of effector used, and are provided in the equation below.

[Anub] = msc[I3x3] (5.8)

[Bhub] = —msc[€] (5.9)

[Chup] = msc[€] (5.10)

[Dhub] = [Lsc,B] (5.11)

Virans,hub = F — 2mg [0 — mgc[@]?c (5.12)
Vrot hub = Lp — [Ise,B]' w — [@][Lsc, plw (5.13)
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The contribution matrices [Acontr| €tc are specific to the type of effector and will be solved for in the
following section for a imbalanced VSCMG and in Appendix [B] for a balanced VSCMG, balanced
RW, and imbalanced RW.

Using these vectors and matrices, wp,n maybe be solved for using the following equation.

@pyx = (ID] = [CIATB]) - (ror — [CUA] Virans) (5.14)

Likewise, g,y may be obtained by,

Tp/N = [A] ™! (Vtrans — [Blwps/n) (5.15)

Now that 75,y and wg/x are known, the other second order states may be solved for.
The following section shows the derivation of the back-substitution contribution matrices of

an imbalanced VSCMG.

5.1.1 Equations of Motion

The EOMs representing a spacecraft with NV imbalanced VSCMGs were derived in Chapter
and are repeated here for the reader’s convenience. The first step is to rewrite the translational

equation of motion in a convenient form. The original equation is,

N N
/N —[clw+ Z [mGi 9g,]7c., /. — mw,dictigg, + mwi&gti] i + Z [mw,diws,] Q
SC =1 5 =1
N

— oy — 2@ — (@] > [me il Ir., 5

=1

+ mw;, [(QdfyZQZsO, Ez’}/z ) - dﬂ/z Celgt dlﬂgﬁmz] i|

This equation may be abbreviated as,

"yl Qz = Tc/N — 2[(:)]0/ — [&]26 —

"‘B/N -
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where,
ur, = ma, (9, Irc., /6, — mw,dictigy, +mw,lidy, (5.17)
vy, = Mw,d; W3, (5.18)
kri = mGZ’Y’L [égi]T,GCi /B + mw, [(de'Yzstez - 61’}/22) gsi - dl’yfcezgtl - de?’ﬁ)QJ (519)

The next step is to rewrite the rotational equation of motion in a convenient form. The original

equation is,

N
Meel€li gy + [TseBlo + [[Ici,Gci]Qgi +ma, [T, /B9, ITc.. ja. + Tw,w., ]9,

=1

N .
+mw, [Pw,,/8l(6igy, — dic9z’§lsi)]%‘ +) [[fwi,wc,.]@si + mw, di[Pw,, /Blws, |
i=1
N
=Lp — [Iie,p)'w — [@][Tc,Blow — Y [[fGi,GCi]”'Yz'Qgi +[@llle, ¢, [4igg, + mal@llFe,, /BlTe, /5

i=1

+ma,JilFe., /8] [égi]r/GCi s+ Uwew, 1096y, + [Tw,we, ) 'ww, s + (@ Iw,we, Jww, s
+mw, [@][Fw,, /8w, 5 + mw P, 8] [(24iiQust; — 657) g, — diicdigy, — diQva, ] }

This equation may be abbreviated as,

N N
mse€]i p/N + [Lse,Blw + Z U, i + Z v, i

i=1 i=1
N (5.20)
=Lp— [ISC,B]Iw - [‘IJ] [ISC,B]w - Z kwi
i=1

where,

uy, = [Ie, 6,19, + mailFe,, /8ll0g,Irc., o, + Iw.w., 18y, + mw. [Fw., /8] (igy, — dictigy,) (5:21)
Vo, = w,av, 9, + mw,diliw, /plibos, (5.22)
ku, = (16,6, Y8, + @l ., 1 1ids, + ma[@lFe., /8lre, 5+ madilFe., 8ll0g)76, c,
HIw,we, [0, + Uw,we, ) ww,ys + [©]0w,we, Jww, s + mw, [@]Fw,, /8lrw, /5

+mw; [Fw,, /) [(2didiQust; — £A7) @5, — difichigy, — dif v,

(5.23)
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The gimbal torque equation is,

9, [mvi [Py, sa) | + g, | vy, + vy, ey, sl @+ gg, | a6, 19,
+ [Iw,w.,19g. + [P(ligy, — dictigs,) + [Qi][égi]chi JGi | ¥+ 9 | Tw,we, s, + [Pilditbs, | €
= —g, |9i[Qi] [ggi]TIGci 16, + [P (2di%iSs0; — 6i77) g, — divictigy, — dif2i v, ]
+ e, 6.V wg v + [@lllc, 6., Jwg, n + [Tw, w., 178, + Iw, w. ' ww, /v
+ @] w, we Jww, v +ma,[Fa, v, ] 2@rG, v, + @*ra, v.,)

+mw, [P, v, 20, v, + [@Prw,, v.,) +mv,[Fy, e (2l@)ry, 5+ @7y, /B) | + ug,

(5.24)
where,

v, v.,] = v, + [Iw,v,] (5.25)
c,v.,] = e c.,) + ma[Fa, v Fa., v, ] (5.26)
[w,v.,] = [Bweowe, ]+ mw,[Fw, v [P, v 1T (5.27)
[P] = mw,pc,[Tw., v.,| — ma.pw:[Ta,, v, ] + mw, [Py, el (5.28)
[Ql] = MG, PW; [%Gci/Vci] — MW, PG; ['FWci/Vci] +mg;, ['FVci/Gi] (529)
@]? = [@][@] (5.30)

The wheel torque equation is,

[mwi dzwg] Fp/N + [QST [Tw,w., ] + mw, dig [wa,] [Py, /B]T] w

+ [Juisei + Jlgicei — mwidi&sez’] i + [Jllz- + mwzdlz] Qz

= —gq, [[Iwi,wci]'wwi/fv + (@[ Fw, e, Jww, i+ mw, difds,] [2[,:/% 5w + (@)@, /B]]

+ (J13,80; — Ji2,c0;)Q% — mw,d2y2clis0; +ug,  (5.31)
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5.1.2 Derivation of Back-Substitution

Solve the gimbal torque equation for %; in terms of 75,y and wp,n and Q;

Y = al g + 0L+ ey, Qi+ dy, (5.32)
where,
ay, = e lmv, [Py, 16,19, (5.33)
by, = —e,' <[IVi,Vci]ngi —my; [Ty, /5] [’FVCZ-/GZ‘]Q&) (5.34)
e = =3t (98 w19, + dig [Pivs, ) (5.35)

dy, =~ gg, [% [Qill9]7G., jc, + [P (2diviSusti — £47) 4, — diicigy, — di%vs,]
+ e, 6.V wg v + [@lllc, 6., Jwg, n + [Tw, w., 178, + [Iw, w., /' ww, v + [@][Tw, w., Jww, /n
+ma,[Fa., v, CElrG, v, + @Pra, v.,) + mw, Fw, v, )@@, v + @ rw, )

+my, [y, 6] 2@y, g+ @Pry, p) | +e3lug,  (5.36)

ey = Gg, | lG. ., )8, + [w, ., )8g, + [P (Lige, — dictigs,) + [Qillgg Irc., /Gi] (5.37)

Solve the wheel torque equation for €; in terms of 75 /N and wg/p and

Qi = ab # /v + b, wp/n + o, i + da, (5.38)
where
ag, = —eg mw, dits, (5.39)
bo, = —eg! ([fw, w79, — mw,dilFw, /5][#02]3,, ) (5.40)
cq, = —653 (Jiz;80; + Ji3,c0; — myy,d;l;sb;) (5.41)
do, = —eq, [Qgi [Tw, we, [ wwin + 88 @) Tw, e, Jww, i + mw, digl [iws,] [2[7"%/% 5w
(5.42)

+[&] ["b]chi/B] + (Jiz,80i — Ji2,c0:) Q05 — may, d; 57 cs0; + s,

eq;, = Ji1, + mwidz2 (5.43)
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Substitute Eq. (5.32) into Eq. (5.38).

0, :agi';;B/N + bgin/N + cq, [ai'PB/N + b,j;iw + C’yiQi + d%} +dg,

T T T T
ag + co.al, by, +cq.b.. do, d.,
— Q; Qi Oy TB/N + Q; Qi "/za'J 4 Q; + CQ; Ay (544)
I —cocy, 1 —cq,cy, 1 —cq,cy,
:plT'ﬁB/N + q;TFU'J + 8;
where,
= du Tl (5.45)
1 —cq,cy,
bq, b,
P = - Qi + CQ, Vi (546)
1 —cq,cy,
dg, d.,
8 = da; + oy, (5.47)
1 —cq,cy,
Substitute Eq. (5.32)) into the translational equation of motion Eq. (5.16]).
PN — [CJw + - Zun[a rB/N+b @, Qi+ d ] p va
8¢ =1 5¢ =1 (5.48)
N .
= io/n — 2[w]c - [@)%c — Z k,,
5 =1
Group like terms.
N 1N
[[ngg] + ]%B/N + [ ] + m Zunbi w + Z |:'U7~l —|-'Up,-zC%:|Q
SC i=1 SC i=1
N (5.49)
= ion — 2@l — [@Pc— —> (kn + updy,)
¢ i=1

Substitute Eq. (5.44)) into Eq. (5.49) and group like terms. Also multiply each side of the equation

by msc.

N
[msc I3><3 + Z (urla ’Uri + u”c’W) (aQ + L %) >] %B/N

i=1 ]' - CQiC’Y’L
T
N T (v” + unc%.) (bQ +co,b ) .
- mSC[c] + Zl (um’b%‘ + 1— cﬂz‘c%‘ w (550)
1=

N
=F — 2mSC[GJ]C' - msc[&]2c - Z (k”'z + u"'z‘d%’ + (

Ur; + U'ric'n) (CQid%' + sz’)
I —cq,cy
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At this point, we're done with translation. Repeat these steps for rotation. Substitute Eq. (5.32)

into the rotational equation of motion Eq. (5.20) and group like terms.

N
[msc[f:] + Z uwiaﬂ_] %B/N +

N
b'jyjl w + Z (vwz + uwz C’Yz)Qi
i=1 ;

=1 (5.51)

N
o)

N
[Use,B] + Z Uw;

i=1

=Lp— [Isc,B]lw - [‘D] [I

Wi
Substitute Eq. (5.44) into Eq. (5.51) and group like terms.

N T .
Mgc [é] + Z <“wia€. + (vwi + 'UrwiC’Yi) (aQi + CQia%) ) ] ,;:‘B/N

i—1 I —cocy

- v+ U y,) (b, + b,
| Les) + Y <uwib§i g Patuae)boteab) )| 6 g
i=1

1 —cq,cy,

= LB - [Isc B] W — [w sc, B Z (sz + uwid’)’i +

(’Uwi + uy, C%) (CQid% + in)
1 —cq,cy,

5.1.3 Back-Substitution Contribution Matrices

The contributions are,

N
[Acontr Z [urlafy + 'Un + UnC%)pT] (553)
i=1
N
[Beontr] = Z [unbz + (vn' + uric%)qﬂ (5.54)
i=1
N
contr Z [uwl 'Uw,- + uwc%)pif] (555)
i=1
N
contr] Z |:uu.zZ 'Uwi + uwic'yi)q’i‘r} (5'56)
N
Utrans,contr = Z |:er + urld'yl + (’Url + uy, C%) ] (557)
=1
N
Urot,contr = Z |:k7wz + uwld'yz + (vwz + uwlc'yz) ] (558)

=1
This concludes the derivation of the back-substitution of imbalanced VSCMGs. Appendix |B| pro-
vides the back-substitution contribution matrices for balanced VSCMGs, balanced RWs, and im-

balanced RWs.
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5.2 Energy and Angular Momentum Validation Method

A key benefit of using fully-coupled formulations of imbalanced RWs and VSCMGs is to
leverage angular momentum and energy validation tools. These tools are essential when simulating
combined complex models such as flexible dynamics, fuel slosh, etc, and simply as a tool to validate
the spacecraft dynamics in general. When implementing angular momentum and energy checks in a
computer simulation, it if often that the integration timestep must be significantly reduced in order
to propagate the spacecraft and effector states precisely enough so that the energy and angular
momentum are seen as conserved. The following sections describe the equations used to valid the

formulations derived within this thesis.

5.2.1 Angular Momentum

The angular momentum vector of the spacecraft + VSCMG system taken about point N is

defined as
H, n =Hpny+HwnN+ Hgn (5.59)
where,
HB,N = [IB,BC]w + mBpTp,/N X i‘BC/N (560)
Hw n = [Iww.]ww/n + mwrw, N X Tw, /N (5.61)
H(;,’N = [IG,GC]‘*’Q/,/\/’ + mGrag,/N X i"GE/N (5.62)

where the inertial derivatives 7p_/n etc were defined in section If no external torques act on
the spacecraft, then

APNHgn| =0

that is, the change of the norm of the spacecraft angular momentum vector taken about point N

and represented in the A/ frame should be 0. This is conservation of angular momentum.
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5.2.2 Energy

The total mechanical energy of the spacecraft + VSCMG system is given by

Tee =15 + TG + TW (563)
where,
1 .T . 1 T
TB = TB,trans + TB,rot = §mBrBC/NrBC/N + 5“’ [IB,Bc]w (564)
1 .T . 1 7
Ta = TG,trans + TG,rot = imGrG’C/NrGC/N + §wg/N[IG,GC]wg/N (565)
1 . . 1
Tw = Tw trans + Tw rot = §mW"'7v;/c/N7'WC/N + §w%/N[IW,WC]wW/N (5.66)

Note that each contribution to Ty is the sum of the translational energy of the system about point
N and the rotational energy of the system with respect to the inertial frame A. If no internal or
external torques are present, then

ATy =0

This is conservation of energy. Alternatively, the orbital kinetic energy of the spacecraft center
of mass could be summed with the total rotational and deformational kinetic energy about the

spacecraft center of mass to arrive at the same equation[l]

5.2.3 Energy Rate

When internal or external forces or torques are applied system energy is no longer conserved
and may not be directly used as a validation tool. However, the time rate of change of energy may

still be analyzed and used for validation. This is given by,

N N
Toe = 75 v F + WL+ Fitg, + > Quug, (5.67)

i=1 =1

If there are no unaccounted internal or external forces or torques on the system, the equation above

should be numerically equivalent to the time derivative of energy as computed in Eq. (5.63)).

. d
Tse = T .
o (5.68)

! Basilisk Technical Memorandum: FORMULATION OF THE ENERGY AND MOMENTUM OF THE SPACE-
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In a computer simulation, the time derivative of Ty may be computed numerically and compared
to the theoretical energy rate given by Eq. (5.67) to validate the dynamics. This form of dynamics
validation is particularly useful in the situation where the spacecraft attitude is being controlled

closed-loop by means of torquing the VSCMGs.
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Chapter 6

Numerical Simulation Results

6.1 Spacecraft with N Imbalanced Reaction Wheels

Numeric simulations are provided to demonstrate the fully-coupled imbalanced reaction wheel
model. Angular momentum is calculated to confirm that when no external disturbances are present
angular momentum is conserved, and system energy is calculated to show that when no external
disturbances or reaction wheel motor torques are present, energy is conserved. The fully-coupled
model is directly compared to the simplified model using the formulation developed in Section
Simulation parameters used are given in Table

The first simulation that is included simulates three RWs. The purpose of this simulation is
to show the effect of RW jitter on a spacecraft that is initially inertially fixed, and therefore the only
perturbations to the spacecraft will be due to the RW jitter. Accordingly, the spacecraft has no
external forces present and has zero initial velocity and zero initial angular velocity. The spacecraft’s
attitude is parameterized in terms of Modified Rodriguez Parameters (MRPs). The RWs are
initially spinning with specified values seen in Table Also, to give further confirmation in the
model, the motor torque in each RW has a nonzero time history and can be seen in Figure
Note that the wheel orientation matrix [Gs] (which is useful for many controls applications [24]) is
formulated such that each column contains the spin axis unit vector for the ith wheel, g , and has
dimension 3 x .

[GS]:[951 gSN] (6.1)

Figures [6:4H6:4}.show-simulation results for the fully-coupled and simplified RW imbalance
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Table 6.1: : Simulation parameters for the fully-coupled model. Note that wheel parameters apply

to all wheels unless otherwise specified.

Parameter | Notation | Value | Units
Number of reaction wheels N 3 -
Total spacecraft mass Mg 662 kg
Hub mass Mhub 644 kg
Wheel mass My 6 kg
Br o550 0.1045 —0.0840
Hub inertia tensor about hub CoM [Thub,B.] 0.1045 650 0.0001 kg-m?
—0.0840 0.0001 650
Hub CoM. location wrt B BB "1 —2 10" cm
507887 —0.2113 —0.5774
Wheel orientation matrix [Gs] —0.2113 0.7887 —0.5774 -
0.5774  0.5774  0.5774
Wheel static imbalance Us 1920 g-cm
Wheel static imbalance Uy 1540 g-cm?
Wheel CoM offset (derived from Us) d 3.2 mm
Wheel inertia tensor about wheel WT0.0796 0 2.0E—-4
CoM [l ] 0 0.0430 0 kg-m?
(derived from Upy) 2.0E—4 0 0.0430
Wheel 1 location vector rw.s | [0.6309 —0.1691 0.4619]"
Wheel 2 location vector TW,/B B[—0.1691 0.6309 0.4619]T
Wheel 3 location vector TWs/B B[—0.4619 —0.4619 0.4619]T m
Initial position TB/N N[O 0 O]T m
Initial velocity VB/N N[O 0 O]T m/s
Initial attitude MRP o8N 0 0 o -
Initial angular velocity WE/N B[O 0 O]T deg/s
Initial wheel speeds Q -558, -73, 242 RPM
Initial wheel angles 0 43, 179, 346 deg
Commanded wheel torques Ug 10, -25, 17.5 mN-m
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model with N = 3 wheels. In Figure the attitude of the spacecraft is shown to be drifting
due to the imbalance in the RWs. The impact of jitter is visible in the spacecraft’s body rates.
Note that the simplified model compares well with the higher-fidelity angular velocity values, but
the attitude does slowly drift from the fully-coupled model. For simulations that last longer than
a few seconds this could cause significant error. Figure shows the principal angle with the
drift subtracted out, so that only the jitter is visible. This shows that the RW jitter results in a
perturbation amplitude of around 8 arcseconds. These parameters are important to consider when

performing analysis of spacecraft pointing stability.

The translational position and velocity are shown in Figs. [6.2(a) and [6.2(b)] respectively.

These plots demonstrate that there is a non-zero effect due to RW jitter on the position and velocity
of the spacecraft. The position and velocity comparison of the fully-coupled and simplified model
show that the simplified model is not able to track either position or angular velocity well for the
given set of initial conditions. The wheel rates seen in Figure agree with the time history of
the motor torque seen in Figure The fact that the wheel speed data for the fully-coupled
model and simplified model agree as shown in Figure demonstrates that the variation in
wheel speed is primarily due to the coupling between the hub’s angular velocity and wheel speed.

Figure [6.4] shows the change in energy and momentum plotted versus time for the fully-
coupled and simplified models. Energy is plotted for a 3.5 second duration because the motor
torque is zero during this time and the change in energy should be zero. However, Figure
shows that using the simplified model causes energy to fluctuate whereas the fully-coupled model
only includes integration error. Angular momentum, by definition, should be conserved for a closed
system under the influence of internal torques, and is thus plotted for the entire duration of the
simulation in Figure It can be seen that the simplified model violates conservation of
angular momentum and the fully-coupled model only exhibits integration error. For numerical
simulations of a spacecraft, angular momentum and energy conservation is an important check to
validate EOMs. For long simulation times the error in the simplified model will grow. This need

for validation checks and error propagations are important characteristics to consider between both
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Figure 6.1: Attitude, principle angle, and body rates of spacecraft

models. A second simulation is included in the following section to directly compare results of the

two models using a fixed-axis scenario.

6.2 Reaction Wheel Jitter Comparison Using a Fixed-Axis Rotation Scenario

The fully-coupled model is directly compared to the simplified model using a fixed-axis sce-
nario in order to focus on the comparison of jitter. These simulations involve similar initial con-
ditions as seen in Table except only one RW is included for simplicity. Figure shows
principal angle jitter of the spacecraft (drift subtracted out) for each model. This result gives
confidence that the imbalance parameter adaptation method developed in section [] is accurate
for converting manufacturers’ specifications on RW imbalances to the parameters needed for the
fully-coupled simulation. However, this also shows that there is a noticeable difference between

the two simulations which is a result of the fully-coupled simulation modeling the RW jitter as in
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Figure 6.5: Comparison of results for the fully-coupled and simplified models with N =1

internal rather than an external force and torque on the spacecraft. Figures|[6.5(b)|and [6.5(c)|show

the energy and momentum, respectively, for each model for the one wheel simulation. This data
further demonstrates that the simplified model is not appropriate where energy and momentum

tools are needed for validation purposes.

6.3 Spacecraft with N Imbalanced VSCMGs

Numeric simulations are provided to demonstrate the fully-coupled imbalanced VSCMG
model. Angular momentum is calculated to confirm that when no external disturbances are present
angular momentum is conserved System energy is calculated to show that when no external dis-
turbances or internal torques are present, energy is conserved. The system energy rate of the
fully-coupled and simplified models are compared to the theoretical value as defined in section [5.2
In all plots, the fully-coupled model is directly compared to the simplified model using the formu-
lation developed in Section Simulation parameters used are given in Table [6.2l The scenario
used to demonstrate the fully-coupled imbalanced VSCMG EOMSs involves a rigid spacecraft hub

and N =4 VSCMGs. Figures [6.6] show the results of the simulation.
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: Simulation parameters for the fully-coupled model. Note that wheel parameters apply

Parameter | Notation | Value | Units
Number of VSCMGs N 4 -
Total spacecraft mass Magc 862 kg
Hub mass mp 750 kg
Wheel mass mw 4 kg
Gimbal mass ma 24 kg
®rooo0 4.15 2.93
Hub inertia tensor about hub CoM [Thub,B.] 4.15 800 2.75 kg-m?
2.93 2.75 600
Hub CoM location wrt B TB./B B[—0.02 0.01 10]T cm
Wheel static imbalance Us 32 g-cm
Wheel dynamic imbalance Uy 154 g-m?
Wheel CoM offset (derived from Uy) d 8.0 mm
Wheel inertia tensor about wheel W02 0 1.54E-2
CoM [Iw.w.] 0 0.1 0 kg-m?
(derived from Uy) 1.54E-2 0 0.1
Gimbal inertia tensor about gimbal Wro 081 024
CoM [lc.c.] 081 11 0.93 kg-m?
(derived from Uy) 0 24 093 5
VSCMG 1 location vector TG, /B [ 30 0 O]T cm
VSCMG 2 location vector TG,y/B 6[30 0 O}T cm
VSCMG 3 location vector TG3/B B[O —30 o0]" cm
VSCMG 4 location vector TG3/B i/[ }T cm
Initial position TB/N ] m
Initial velocity VB/N [ ] m/s
Initial attitude MRP oB/N 0 0 0] -
Initial angular velocity WE/N 8[4.58 0.57 O]T deg/s
Initial wheel speeds Q 2000, 350, -11, 2 RPM
Initial wheel angles 0 0,0,0,0 deg
Initial gimbal speeds 0% -1.72, 0.63, 0, 0 deg/s
Initial gimbal angles v 0,0,0,0 deg
Commanded wheel torques Usg 0, 250, -250, 0 mN-m
Commanded gimbal torques Ug 100, -100, 0, 0 mN-m
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Figure shows the attitude and body rates of the spacecraft for the duration of the simu-
lation. In Figure the spacecraft attitude computed using the simplified model is shown to
rapidly drift from that of the fully-coupled model. The third MRP component in particular drifts
in the opposite direction. This information is reflected in the spacecraft body rates as shown in
Figure |6.6(b)l The body rates as computed by the simplified model drift rapidly from those using
the fully-coupled model, although the higher frequency variations are similar in amplitude. It is
evident from this data that the body rates and attitude MRP of the spacecraft would likely be
wildly different between the simplified and fully-coupled models if the simulation were propagated
for longer than ¢t = 2 seconds. Figure shows the principle angle of the spacecraft with respect
to inertial. Figure [6.7(a)|shows the raw principle angle computed from the attitude MRP in Fig-
ure and reflects much of the same information. After 2 second, the two models show principle
angles that are different by several degrees. Figure shows the higher frequency modes of the
principle angle by subtracting out a polynomial fit of the data shown in Figure [6.7(a)| to act as a
high-pass filter of sorts.

Figure [6.8] shows the translational position and velocity. These plots demonstrate that there
is a non-zero effect due to VSCMG jitter on the position and velocity of the spacecraft. The position
and velocity comparison of the fully-coupled and simplified model show that the simplified model
is not able to track either position or angular velocity well for the given set of initial conditions. In
Figure [6.8(b)], it is evident that the simplified model has wildly underestimated the magnitude of
the imbalance vibration effect on spacecraft velocity.

Figure shows the VSCMG gimbal rate and wheel speeds. Again, it is evident that the
simplified model has underestimated the effect of the vibration on each of the rates. The gimbal
rate of VSCMG 1 in particular, shown in Figure varies greatly between the two models. The
fully-coupled model has a high frequency chatter with an amplitude of approximately 75 deg/s,
whereas the simplified model shows no visible signs of chatter and slowly drifts in the same overall
trend as the fully-coupled model. The wheel speed for gimbal 1, however, does not appear to closely

match the same trend between the fully-coupled and simplified models. VSCMG 2 shows similar
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Figure 6.12: Energy rate and energy rate error of the system

information regarding gimbal rate. The wheel speeds and gimbal rates agree with the time history

of the applied wheel and gimbal torques as shown in Figures|6.10(b) and [6.10(a)| respectively. The

effect of the wheel torque is evident from looking at the wheel rates. The effect of the gimbal torque
on the gimbal rates is not evident to the eye since the gimbal has a significantly larger moment of
inertia.

Figure shows the change in energy and angular momentum of the system for the fully-
coupled and simplified models. Energy is plotted for a 1.5 second period since the wheel and gimbal
torques are zero during this time and energy should be conserved. However, Figure shows
that using the simplified model causes energy to fluctuate whereas the fully-coupled model only
includes integration error. Angular momentum, by definition, should be conserved for a closed
system under the influence of internal torques, and is thus plotted for the entire duration of the
simulation in Figure It can be seen that the simplified model violates conservation of
angular momentum and the fully-coupled model only exhibits integration error. For numerical
simulations of a spacecraft, angular momentum and energy conservation is an important check to
validate EOMs. For long simulation times the error in the simplified model will grow. This need
for validation checks and error propagations are important characteristics to consider between both
models.

Figure shows the energy rate of and the energy rate error of the system for the fully-
coupled and simplified models. Figure shows the energy rate during the time period that

the VSCMG has nonzero wheel and gimbal torques (from ¢t = 15s to ¢ = 1.9s), thus highlighting
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the difference between the fully-coupled and simplified models. The fully-coupled model has clearly
visible fluctuation whereas the simplified model does not. Figure shows the absolute error
between the theoretical energy rate based on the internal torques and the numerically calculated
energy rate based on numerically differentiating the energy Ti., as described in section It
is clear that the simplified model violates the theoretical energy rate, whereas the fully-coupled

model has little error. Due to numerically differentiating the system energy Ti., the comparison

does show a larger error than in Figures|6.11(a){6.11(b)} approximately 10~7 compared to 10712,
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Chapter 7

Conclusions

Most previous work related to modeling jitter due to momentum exchange device (MED)
imbalances models the effect as an external force and torque on the spacecraft. In reality, this
effect is an internal force and torque on the spacecraft and thus requires a different formulation.
The work presented in this thesis develops the general fully-coupled model of reaction wheel (RW)
and variable-speed control moment gyroscope (VSCMG) imbalances. The fully-coupled model
allows for momentum and energy validation to be implemented in a simulation. Additionally, a
discussion is included that aids in converting manufacturers’ specifications of RW imbalances to
the parameters needed for the fully-coupled simulation.

Simulation results are provided to demonstrate the fully-coupled model compared to the
simplified model for RWs and VSCMGs. Energy is shown to be conserved when the motor torques
are zero, and momentum is conserved throughout the length of the simulations. Energy rate is
shown to closely match the theoretical energy rate for the imbalanced VSCMG model. This provides
validation of the fully-coupled models and highlights drawbacks to the simplified model, which
violates conservation of momentum and energy. A comparison between the fully-coupled model
and the simplified model shows that the imbalance parameter adaptation is adequate because the
fully-coupled and simplified models give similar high-level results, for a fixed-axis scenario. However,
because the simplified model is not valid in terms of conservation of energy and conservation of
angular momentum it is undesirable when including additional complex dynamical models such as

flexible dynamics or fuel slosh and causes error propagation to be a concern for lengthy simulation

www.manaraa.com



74

times.

The research presented within this thesis validated the EOMs and software implementation
using with energy and angular momentum results from two completely independent software suites.
Additionally, the states versus time were validated between the two simulations. This level of
validation shows that the EOMs and software implementation method are correct beyond doubt.

Implementations of the fully-coupled RW and VSCMG models derived within this thesis will

be released open-source in 2017 as part of the Basilisk astrodynamics softwareEl
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Appendix A

Basilisk Software Architecture

Al Basilisk Overview

The Basilisk astrodynamics software is being developed by the University of Colorado Boul-
der’s Autonomous Vehicle Systems (AVS) Laboratory and the Laboratory for Atmospheric and
Space Physics (LASP). Basilisk provides deterministic, integrated faster than realtime simulation
while at the same time providing HWIL simulation capabilities using a modular and fast C/C++
architecture.[32] This source code is then wrapped in Python allowing the convenience of a fully
scriptable Python user interface. The modular architecture and fully-coupled dynamical repre-
sentation allows for complex actuators to be simulated without sacrificing accuracy. Basilisk has
been used internally by the University of Colorado/LASP for simulation of flexible dynamics [30],
fuel slosh[29], reaction wheel jitter[27], thrust pulsing algorithm evaluation[35], guidance algorithm
development[28], and for analysis and support of ADCS sub-system developments. Basilisk of-
fers many of the same core benefits as Commercial-off-the-Shelf (COTS)/Government-off-the-Shelf
(GOTS) softwares and is open-source, cross-platform, and has a fully-scriptable user interface using
the common programming language Python.

The Basilisk framework has been designed from inception to support several different (often

competing) requirements.

e Speed: Even though the system is operated through a Python interface, the underlying

simulation executes entirely in C/C++ which allows for maximum execution speed. The
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Figure A.1: The Basilisk logo.

requirement for the Mars mission are sufficiently accurate vehicle simulation with at least

a 365x realtime speeds (“a year in a day”).

e Reconfiguration: The user interface executes natively in Python which allows the user

to change task-rates, model/algorithm parameters, and output options dynamically on the

fly.

e Analysis: Python-standard analysis products like numpyﬂ and matplotlilﬂ are actively
used to facilitate rapid and complex analysis of data obtained in a simulation run without
having to stop and export to an external tool. This capability also applies to the Monte-

Carlo engine available natively in the Basilisk framework.

¢ HWIL: Basilisk provides synchronization to realtime via clock tracking modules. This
allows the package to synchronize itself to one or more timing frames in order to provide
deterministic behavior in a realtime environment. External communication is handled via

the Boost libraryﬂ with ethernet currently available and serial planned in the near future.

Figure shows the Basilisk logo. The name Basilisk was chosen to reflect both the reptilian
(Python) nature of the product-design as well as a nod to the speed requirements as the South

American common basilisk runs so fast that it can even run across water.

! http://www.numpy.org/
2 http://matplotlib.org/
3 http://www.boost.org
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www.manaraa.com



81

acs_thruster_cmds | FSWProcess2DynamicsProcesslinterface rwa_config_data | RWNullSpace

controlTorqueRaw | sunSafeACS | acs_thruster_cmds rwa_config_data | MRP_SteerRateRWA

AN

sun_safe_att_err

rwa_config_data | MRP_SteeringRWA

MRP_Steering | controlTorqueRaw

) T~

adcs_config_data

adcs_config_data stSens;)rDecode parsed_imu_data
sunSafePoint | sun_safe_att_err
\ ( css_wls_est
vehConfigData | adcs_config_data 7
/ % css_data_aggregate
A CSSWIsEst | css_wls_est
rwa_config_data adcs_config‘}eta
rcs_config_data | thrustRWDesat /

) css_sensors_data | cssSensorDecode | css_data_aggregate
adcs_config_data

/ (

adcs_config_data

imuSensorDecode | parsed_imu_data

\mﬁ% css_sensors_data
DynamicsProcess2FSWProcessIn

imu_meas_data

imu_meas_data

.
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Figure shows a diagram of the Basilisk software architecture. The Python user inter-
face layer allows the simulation to be easily reconfigured which allows the user complete freedom in
creating their own simulation modules and FSW modules. Scenario scripts utilizing the user-defined
simulation can be used to configure spacecraft properties, initial conditions, events, and various
simulation parameters such as timing. The Python user interface layer abstracts logging/analysis
which allows a single compilation of the source code to support completely different simulations.
Most simulation modules are written in C++ to allow for object-oriented development while the
FSW modules are written in C to allow for easy portability to flight targets. Simulation modules
and FSW modules communicate through the message passing interface (MPI), which is a singleton
pattern. Figure shows an auto-generated visualization of the Basilisk message passing interface.
The MPI allows data traceability and ease of test. The MPI is capable of visual data mapping,
which allows the user to visualize data flow between modules. Modules are limited in their ability
to subscribe to messages and write messages, thus setting limitations on the flow of information and
the power of modules to control data generation.|[32] The messaging system is also instrumented
to track data exchange, allowing the user to visualize exactly what data movement occurred in a
given simulation run. The Python interface to the C/C++ layer relies on the Simplified Wrapper
and Interface Generator (SWIG) softwareﬁ , a cross-platform, open-source software tasked solely
with interfacing C/C++ with scripting languages. Basilisk is inherently cross-platform in nature,

currently used on Mac, Windows, and Linux systems.

A.2 Basilisk Dynamics Architecture

The Basilisk dynamics engine heavily leverages the back-substitution method as described
in section The equations of motion of the spacecraft hub are contained entirely within [Ap),
[Bhub), [Chub)s [Dhub] matrices and ¥irans,hubs Urot,hub vectors. Each attachment to the spacecraft,
whether it be reaction wheel, VSCMG, solar panel, fuel tank, etc, is considered either a dynamic

effector or a state effector and has it’s own contribution matrices and vectors. The dynamics

* http://swig.org/
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manager class aggregates all contributions and solves the aggregate system EOMs. States belonging
to the effectors such as €; or 4; are solved for within the corresponding effector class. Additionally,
each effector is responsible for registering its own states with the dynamics manager, and computing
its energy, momentum, and mass contributions at each timestep.

The Basilisk dynamics engine relies heavily on Eigen C++ librariesEl in order to perform the

massive amount of matrix algebra required to solve the spacecraft system of equations.

A.3 Visualization

Basilisk has an accompanying visualization that allows the user to observe the simulated
spacecraft’s operations realtime. The visualization uses Qtﬂ / OpenGIﬂ to visualize the spacecraft,
planets, and various qualitative data and indicators for sensors and actuators. Simulation events
and device faults may be triggered directly from the visualization. Figure [A.4] shows an example
of the visualization with a spacecraft in Mars orbit. The control panel on the right hand side
allows the user to view sensor and actuator data and trigger events. Reference frame axes may be
enabled/disabled from the control panel. The visualization also demonstrates thruster plumes and

the field of view of sensors such as star trackers and course sun sensors.

5 https://eigen.tuxfamily.org/
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Figure A.4: Basilisk visualization example of a Mars orbiting spacecraft.
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Appendix B

Additional Back-Substitution Derivations

B.1 Back-Substitution Derivations

Chapter [5| provided the derivation of the back-substitution contribution matrices for an im-
balanced VSCMG as an example. This section provides the derivation of the back-substitution
contribution matrices of a balanced RW, imbalanced RW, and balanced VSCMG for reference,
and builds upon the the material presented in Chapter Consideration should be given to im-
plementing these equations in software separately from imbalanced VSCMG equations, since it is
more computationally efficient to have a separate set of equations to solve rather than zero out

imbalance terms or gimbal states.

B.1.1 Balanced Reaction Wheel Back-Substitution
B.1.1.1 Equations of Motion

The equations of motion of a balanced reaction wheel were provided in Chapter [2] and are
repeated here for the reader’s convenience. The translational equation of motion is not coupled

with € as show below.

mSC[I3><3]%B/N - msc[é]‘-‘"B/N = Fext — 2Tr"SC[‘:’B//\/]C/ - mSC[‘;’B/N] [‘L'B/N]c (B.1)
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The rotational equation of motion includes € terms, and is thus coupled with the wheel motion as

seen below.

N N
mSC[&]%B/N + [Isc,B]wB/N + ZJSigSZ'Qi = _[‘:’B/N] [Isc,B]‘-"’B//\/' - Z(WB/N X Jsiﬂigsi) +Lp
i=1 i=1
(B.2)

The motor torque equation is coupled with wp/xs as shown below.

Q; = —JS’ — gLwp/N (B.3)
si

B.1.1.2 Back-Substitution Derivation

Since translation is not coupled with wheel speed, the back-substitution equation may be

obtained by simply plugging Eq. (B.3)) into Eq.

N N
msc{&]f'B/N + ([ISC,B] - Z Jsigs,-gz;)wl?//\/’ = _[‘:’B/N] [Isc,B]wB/N - Z(gsi“& Twp/N X JSiQigSi)
i=1 i=1

— [ plwpn + L (B4)

The contribution matrices using for solving the coupled EOMs may now be defined.

B.1.1.3 Back-Substitution Contribution Matrices

The back-substitution contribution matrices provide the dynamical contribution of the RWs

to the general form given by Eq. (5.1). Thus, any terms that do not contain RW terms are known
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and are the same for any type of device. The following are defined from the coefficients of Eq. (B.4))

[Acontr] = [03><3] (B5)

[Bcontr] = [03><3] (BG)

[Ccontr] = [03><3] (B?)

contr = ZJ&gs,bgsi (BS)

Vtrans,contr — 0 (Bg)
N

Urot,contr = — Z(gsiusi + wp/N X Jszﬂzgs,) (BlO)
=1

B.1.2 Imbalanced Reaction Wheel Back-Substitution
B.1.2.1 Equations of Motion

The equations of motion of an imbalanced reaction wheel were provided in Chapter [2] and

are repeated here for the reader’s convenience. The translational equation of motion is

N

Zmrwzd W3, = Py —20@p/n]d —[@p/ 1] (@
=1

Z My, d; 02 FWa,
(B.11)

7 /N —[€la

The rotational equation of motion is

msc[c]rB/N + [Isc B]‘-‘JB/N + Z ( rw;, We, ]gsz + mrwzd ['FW%/B]'&’&)QZ
i=1

N
=3 [ lFwe, 105, — e, Y281, — (@500 (v, 1248, + mes v, 517y, s |
i=1

— [@p/nlIse,Blwp/n — [se, ) wp/n + Lp  (B.12)
The motor torque equation is
[mrwzdzwg;]rB/N + [(Jlli + mrwzd?)gg: + J13i'ﬁ7%; - mrwldzﬁ)g; [’FWl/BHwB/J\/' + [Jlli + mrwid?] Qz

= — 13,05, W, + Wy, Vv, (S22, — J33, — M, A7) — M, di@0, (@ 0 ) [@ B N7 W, B + s, + G, Teati

(B.13)

www.manharaa.com




88

B.1.2.2 Derivation of Back-Substitution

First, we solve the motor torque equation for Q.

- T
. mrw.diw3. . 1 N AT
L N PO W P,
’ Tt + M, d2 ) PN T g d2 [, i),
1
T3, WL — e, i@ ? [y 5]]w —(w s (Jo.
+ Ji3, 3; rw; Ag 31[ WZ/BH B/J\/’"‘ Jlli'f‘mrwid? w2, wsi( 22;

— J33, — mrwid’%) - J13iw'w2iw5i - mrwidiﬁ’g;— [‘L'B/N] [‘:"B/N]TWZ-/B + usi) (B'14)

The following coefficients are defined from Eq. (B.14)), and are used to de-clutter the final equations.

My, d; R
ag = —————Ws3, B.15
Qz Jlli + eri dZQ 31 ( )
1 R . - R
bg, = ————[(J11, + mrwid%)gsi + J13, W3, 4 Mo, di[ Py, /5] W3, ] (B.16)

a Jlli + anw-dl2

3

1
2
CQZ‘ d2 (w’IU2Z. ww?’i (J22i - J331 - mrwldz) - J13iww2i wsi
[

B Jlli + Myw,
— M, &3 [ (@ w8 + s, + girm,i) (B.17)
Rewrite Eq. (B.14) in compact form.

Plugging the equation above into Eq. (B.11)) and multiplying both sides by mg., we arrive at,

N N
MaelI3xa] + Y mrwidi@3ia£i] Fpn+ | —mslel + ) mrwidiﬁisibgi] WB/N
i=1 i=1
N
= F — 2ma[@pn ) — mecl@pnl[@pnle + D | M, di2 s, — muw, dicg, s, | (B.19)
i=1
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So the same step for the rotational EOM.

N
[msc[&] + Z ([Irwi,Wci]gsi + mrwidi ['FWCZ/B]ﬁ)?’z)a’SZ] TB/N
i=1
N
[Isc,B] + Z <[Irwi,Wci]gsi + mrwidi [qucl/B]ﬁ;?)z)bgl] wB/N
=1

_|_

= —[wp/nLse,Blwp/n — [Lse,B) wp/n + L
N

Mrw, [;Wcl/B]sz?wQZ - [Irwq;,Wcz- ],Qigsi - [‘:JB/N'] ([II‘Wthi]Qigsi + My, I:’;'Wci/B]rg/Vci /B)
=1

(B.20)

B <[Irwi7WCi]g5i + eridi[%WCi/B]ﬁ)gi)ch

We now have all the information needed to define the back-substitution contributions matrices for

imbalanced reaction wheels.

B.1.2.3 Back-Substitution Contribution Matrices

The imbalanced reaction wheel back-substitution contribution matrices are given by,

N
[Acontr] = Z mrwidiw3ia5i (B21)
=1
N
[Bcontr] = Z mrwidiﬁ’& bgl (B.22)
=1
N
[Ccontr] = Z ([Irwi,Wci]gsi + mrwidi[f'WCi/B]ﬁJ&)aai (B23)
=1
[Dcontr] = ([Irwi,Wci]gsi + mrwidi ['chz /B]ﬁ]?)z) bg, (B24)
i=1
N
Vtrans,contr — Z [mrwldzgg'{bz - mrwidiCQiﬁ’&] (B25)
i=1

N
Urot,contr = ) [mrm [Fw.,/Bldiws, — [, w., ' g, — [@5/0] ([Irwz«,Wci]QifISi
i=1

e lPwe It 5 ) = (e 195, + Mo dilfw,, 6)i0s, ) o, | (1.26)

www.manharaa.com




90

B.1.3 Balanced VSCMG Back-Substitution
B.1.3.1 Equations of Motion

The balanced VSCMG equations of motion are reproduced here for the reader’s convenience.
The balanced translational equation of motion as derived in Eq. (3.26) is given below. Note that

translation is not coupled with Q or %;.
Mt /N — Mae[€)w = F — 2mgc[@]c’ — mye[@]%c

The rotational equation of motion includes €2; and 4; terms, and is thus coupled with VSCMG

motion as seen below.

N N
msc[&];’;B/N + [Isc,B]w + Z IVgiggi;)./i + Z IWSigsiQi
=1 i=1

= Ly~ [leplw — [@][Le.plw = 3 [+ w,, 28y, + QudilBw,, — Iw,,)d,
i=1
+ (@], 6. 1%igg, + [@l[Tw, w.. lww,/B
The gimbal torque equation as derived in Eq. is given below.
Iv, (Gg @ + %) = ug, + (Iv,, — Iy, Jwsw: + I, Qiwr
The wheel torque equation as derived in Eq. is given below.

Ly, (g5,@ + ) = —Iw, wii + us,

B.1.3.2 Back-Substitution Derivation

Solve the gimbal torque equation for %; in terms of wp/Ar.

1

~ Iy (Ugi + (Iv,, — Iv, Jwswi + Iw, Qiwr — Ivgiggiw) (B.27)
935

Solve the wheel torque equation for €; in terms of WB/N

O = —wr¥ — gl + — (B.28)
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Plug Eq. (B.27) and Eq. (B.28]) into the rotational equation of motion and group like terms.

N

eclelis o+ [[es) = 3 (v, 8,90 + I, 9,97 |
i=1
N
— Ly~ [l — Bl = 3 [ (s, — ool + v, 054,
=1

+ (ug, + (Iv,, = Iv, Jwswi + Tw, Qiwr) g, + (@1, 6., 138, + (@] [fwi,wci]wwi/za] (B.29)

We now have all the information needed to define the back-substitution contribution matrices for

a balanced VSCMG.

B.1.3.3 Back-Substitution Contribution Matrices

The balanced VSCMG back-substitution contribution matrices are given by,

[Acontr] = [03x3] (B30)
[Bcontr] = [03><3] (B.31)
[Ccontr] == [03><3] (B32)
N
[Dcontr] = - Z [IVgiggigg—; =+ IWszgsng:] (B'33)
i=1
Vtrans,contr — 0 (B34)
N
Vrot,contr = — Z [(usz - stiwt%)gsi + IWsi Q’YgtZ + (ugi + (IVsi - IVti )wswt + IWsi int)ggi
=1

+ [@lla,., Higs, + @), w. Jow, s (B.35)
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